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AUTHOR’S NOTE 


The theory of mechanisms and machines is the first branch 
of technical science, a study of whicii is essentia! for successful 
activity in the spliere of meclianical engineering, and is the basis 
of the education of specialists in (this field. 

In the Soviet Union special attention is given to machine 
building which is one of the principal branches of industry. The 
other important branches of industry can develop successfully 
only by proper development of maciiine building. Without 
machines it is impossible to aittain any significant increase in 
productivity, mechanization and automation of the process of 
production. 

.The theory of mechanisms and machines first became an 
independent science in tlie Soviet Union and has made outstand- 
ing progress. Based on the works of the distinguished Russian 
scientists, Chebyshev and Zhukovsky, it was further developed 
in the works of contemporary scientists and has far outstripped 
the scientific schools of other countries. In order to produce new 
types of maciiines, to develop machine-tool construction, textile 
manufacturing, food production, printing and publishing, and 
other branches of industry, as well as instrument-making, 
Soviet scientists had first to develop the methods of analysis, 
synthesis and the design of compound mechanisms and 
machines. 

The main fields of the science of mechanisms and machines, 
the structure and classification of mechanisms, kinematic analysis 
of mechanisms, the combined static and inertia-force analysis of 
mechanisms and elementary knowledge about the dynamics of 
mechanisms and machines, are presented in this book in simple 
form. , ; 


VI. A. Zinoviev 



INTRODUCTION 


The various devices, which man creates for different purposes, may 
be classified into two large groups. The first group includes ’tliose 
devices the elements of which cannot move relative .to each other, not 
taking into account the insignificant motion arising at deformkion 
under the action of forces; the second group consists of devices the 
elements of_ which move relative to each other while the device is 
performing its functions. The first group includes structures for various 
purposes, i. e. buildings, bridges, reservoirs for fluids or gases, etc 
^ The theory of mechanisms and machines deals only with devices 
which belong to the second group. Of the many devices in this group 
we shall mention some basic types which are widely employed and are 
of the utmost value in modern engineering: 

1) engines which are designed .to transform different forms of 
energy into mechanical energy (steam engines, steam and water tur- 
bines, internal-combustion engines, electric motors, etc.); 

2) electric generators which convert mechanical enercry into 
electrical energy; 

3) machine-tools which perform various operations; for examnle 
machines for processing metals and wood, agricultural machinery 

spinning frames and looms, sewing machines, mechanical mixers for 
chemical apparatus, centrifuges, etc.; 

4) transporting mechanisms which serve .to transfer solids fluids 

and gaseous materials; ’ 

5) instruments for various purposes — clocks, computers etc 

machine is performed directly by its working 
memter. For instate, the working member of a machine for working 

material, in a sewing Sine 
eV etc ^ ~ onto which the load is suspend- 

motion machine has to utilize the forces which impart 

• • iu' Therefore, one of the indispensable members of anv 

machine is the member which absorbs the work performed by external 

this ®"Sine or internal-combustion enaine) 

pedareTc " 'athe-the pulley, in a bicycle -1 the 

and ooncerning the shapes and sizes of operating members 

rnio? • members which absorb the work of exterLl Wes 

oncernmg the most expedient forms of motion and the forces that 



act upon such members are dealt with in special branches of courses 
on power engineering and technology, but not in the theory 
of mechanisms and machines. 

The theory of mechanisms and machines deals with problems con- 
nected with the design and study of devices which consist of moving 
elements and which connect the members, thait absorb the work of 
external forces, with the operating members. 

In solving the problems of work transmission and motion it is 
not essentia] to know the design shapes and sizes of all machine ele- 
ments, it is sufficient to deal only with the kinematic diagrams (skel- 
eton of the machine). The methods of drawing up kinematic diagrams 
and their study are presented in the handbook Theory of Mechanisms 
and Machines. 

After a study of the kinematic diagrams, the shapes and sizes of 
all machine elements are chosen preliminarily, then a dynamic inves- 
tigation is performed in order to determine the data which are necessary 
to verify the preliminary calculation. The method of dynamic inves- 
tigation of machines is also expounded in the theory of mechanisms and 
machines. 

Thus, along with the subjects included in courses on power 
engineering and technology, by whose methods are determined the 
shapes and sizes of working members and of those members which 
absorb the work of external forces, the theory of mechanisms and 
machines based on the data of theoretical mechanics, stands in line 
with the scientific subjects which expound the methods for determin- 
ing the design shapes and sizes of machine elements. 


Chapter / 

STRUCTURAL ANALYSIS OF PLANE 

MECHANISMS 


1 . KINEMATIC PAIR 

Motion, which is one of the features of a machine, 
distinguishes it from a structure that remains stationary 
while fulfilling its functions. 

An instrument which is guided by the hand of a human 
being, for instance a needle, axe, hammer, screwdriver, is 
also in a state of motion while fulfilling its functions. The 
machine differs from instruments, able to perform varied 
movements, in that the movements of its elements are 
determined: a needle guided by the seamstress or a hammer 
in the hand of a blacksmith can perform various move- 
ments, but a sewing machine needle or a steam hammer 
perform only determined movements. 

Any given body can be made to move in a determined 
way only by limiting its motion with other bodies. For 
example, a cylindrical bar which is not limited by anything 
may perform various movements, but when the same bar is 
placed in a hollow cylinder, as shown in Fig. 1, then bar I 
is able to revolve relative to hollow cylinder 2 only about 
the common axis x — x of 
both cylinders and move in 
the direction which coincides 
with their common axis x — x. 

Should the same cylindrical 
bar, placed in a hollow 
cylinder, be provided with 
shoulders (Fig. 2) which are 
resting against the end sur- 
faces of the hollow cylinder, 
then bar / relative to hollow cylinder 2 will be able to 
revolve only about the common axis x — x of both cylinders. 
If instead of the cylindrical bar a prismatic bar will be 
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fig. 1 
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placed in a hollow prism (Fig. 3), then bar 1 will be able 
to move relative to hollow prism 2 only in the rectilinear 
direction along the axis x — x. 

Since the determined motion of any given body can be 
attained only by limiting its motion by other bodies, it is 
necessary in the study of the movement of any given 
machine element to examine it alongside another element 
whicli limits its movability to a greater or lesser extent. 
In those cases where the motion of the machine element 
under examination is being limited by two or more parts, 
we shall be able to acquire a complete understanding of the 
possible movement of the element under examination by 
considering the limitations being imposed on this element 



Fig. 2 


Fig. 3 


by all the other machine elements with which it is in con- 
tact. In other words, by studying a machine from the kine- 
matic point of view we can acquire a complete understand- 
ing of possible movements of all of its elements by examin- 
ing not every element separately, but by paying attention to 
the pairs of such elements which mutually limit the move- 
ment of each other — to the kinematic pairs. 

A kinematic pair is a movable joint of two solid 
bodies which are in contact. 

Bodies which form a pair are called links. 

From this definition of a kinematic pair follows that 
a kinematic pair cannot be constituted by bodies which 
are not in contact, or by bodies which, although in contact, 
cannot move relative to each other. 

The degree, to which the motion of one link of a 
kinematic pair relative to another is limited, may depend 
only on the geometric forms of contact points of links, 
known as elements of a kinematic ipair: neither 
the material from which the link is manufactured, nor the 
shape of that part of it which does not come into contact 
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with the other link can limit the motion of the other link, and 
that is why they are not examined in the theory of mecha- 
nisms and machines. 

2. CLASSIFICATION OF KINEMATIC PAIRS 

Kinematic pairs may be classified according to various 
features. We shall confine ourselves only to classification 
according to the nature of contact of the links. According 
to this characteristic pairs should be classified into lower 
and higher. 

A lower pair is a pair whose links contact along 
the surface, a higher pair is a pair whose links have 
line or point contact. 

The pairs shown in Figs. 1, 2 and 3 can serve as examples 
of lower pairs. An example of a higher pair, the links of 
which contact along straight line, is a cylinder on a plane; 
in circumference — a ball in a hollow cylinder, whose 
diameter equals that of the ball, at point — a ball on 
a plane. 

Lower pairs are much superior to higher pairs: in lower 
pairs, given similar forces of reaction in the pairs, and 
similar coefficients of friction, other conditions being equal, 
the links in the contact points wear more slowly than in 
higher pairs; however, higher pairs make possible the 
performance of m.otions which are difficult to accomplish 
by the application of lower pairs only. 

If all the points of one link of a lower pair can move 
only rectilinearly relative to another link as, for example, 
in the kinematic pair shown in Fig. 3, such a pair is called 
a sliding pair. If all the points of both links of a 
lower pair can only revolve about the geometric axis of the 
contact surface of the links as, for example, in the pair 
shown in Fig. 2, such a kinematic pair is called a turn- 
ing pair. 

3 DIAGRAMMATIC REPRESENTATIONS OF KINEMATIC PAIRS 

Figs. 4-12 show the conventional way of depicting 
different types of kinematic pairs in kinematic diagrams. 

Fig. 4 shows a turning pair with links which can freely 
displace within the limits of a plane. The circle, which con- 
nects links 1 and 2, only indicates diagrammatically the 
extent to which one link relative to the other can rotate 
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about the geometric axis of the pair. In a most simple 
dpign shape a turning pair can be imagined in the form 
of a cylindrical pin with a bushing turning on it. The 
designs of links may vary greatly. 



fig. 8 


Fig. 9 


Fig. 10 


is 




representation of a 
free links, and in 
and b — with one 


Jhe fixed position of links in pairs of all types 

indicated in the diagrams by dotted lines. Figs. 5 and 6 give 

a diagrammatic representation of a turning pair with one 
fixed link. 

Figs. 7 and 8 give a diagrammatic 

sliding pair with 
Figs. 9 and 10, a 
fixed link. 

Figs. 11 and 12 give a diagram- 
matic representation of a higher pair 
with free links and with one fixed 
link. The curvilinear profiles show 
diagrammatically the contact of links 
along a line (perpendicular to the 
drawing plane) or at a point. 

In using diagrammatic representations of kinematic 
pairs it should always be borne in mind that in no way do 
they reflect the forms of design. 


Fig. 11 


Fig. 12 


4. KINEMATIC CHAIN 

A system of links joined in kinematic fiairs is called a 
kinematic chain. 

Kinematic chains are classified, according to the nature 
of the motion performed by the points of links, into plane 
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and space chains. Chains whose links move in parallel 
planes are called plane chains. Chains in which the 
points of the links move either along space curves, or along 
plane curves which lie in nonparallel planes are called 
space chains. 

Kinematic chains may be closed or unclosed. A kine- 
matic chain is called closed when each of its links is 
connected in kinematic pairs with adjacent links. If a chain 
has links which constitute only one kinematic pair, it is 
called an unclosed or open chain. 

5. KINEMATIC DIAGRAMS 

A kinematic study of any mechanism (engine mecha- 
nism, machine-tool, etc.), which is in the design stage or 
in operation, is performed by its kinematic diagram. In the 
course of a kinematic study it is necessary to determine the 
paths, velocities and accelerations of the points of moving 
elements. A kinematic diagram should depict only what 
is essential for its specific purpose, and therefore all ele- 
ments of a device under investigation should be represent- 
ed on the diagram as links of kinematic pairs. 

We shall now explain by example how to proceed from 
a design scheme of a mechanism to its kinematic diagram. 

Fig. 13, n shows a design scheme whereas Fig. 13.6 — 
a kinematic diagram of an internal-combustion engine. This 
engine is designed for the transformation of chemical 
energy from fuel (oil, kerosene, benzine, fuel gas, etc.) 
into mechanical energy. During engine operation, piston 3 
(Fig. 13, a) performs reciprocating motion in cylinder 2. 

The design scheme does not show many engine ele- 
ments, which do not affect the kinematics of the mechanism. 

Pin 4 enclosed by element 5 which is called a connect- 
ing rod is secured in piston 3 . With its other end the con- 
necting rod encloses pin 5, which is secured in element 7 
which is called a crank. The crank is firmly connected with 
shaft 8 which rotates in fixed bearings. In the design 
representation shaft S, crank 7 and pin 6 are always made 
as one piece and called a crankshaft. They are shown 
separately in Fig, 13, a only for the purpose of clarifying 
the subsequent discussion. 

The cylinder is the fixed part of the engine which is in 
contact with the cover and piston. The cover is firmly 
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connected with the cylinder, and therefore they do not form 
a kinematic pair; for technological reasons it has to be 
manufactured separately from the cylinder. The piston can 
move relative to the cylinder, and therefore the piston and 
the cylinder are links of a kinematic pair — a lower pair, 

because the links contact 



Fig. 13 


along the surface. This is 
a sliding pair since the 
piston cannot rotate in 
the cylinder; pin 4 connect- 
ed with the piston would 
then also rotate and to- 
gether with the pin the con- 
necting rod would rotate 
with all the other engine 
parts, including the frame 
and the cylinder. 

Piston 3 is the mov- 
ing link of this sliding 
pair, cylinder 2 — the fixed 
link guiding the motion 
of the moving link. In the 
kinematic diagram the cvl- 
inder is represented by a 
shaded 'line, which stands 


for the fixed position of the link, the piston is shaped as a 
slider, which is the conventional way of showing the mov- 
ing link of a sliding pair. 

Shaft 8 is firmly connected with element 7 and therefore 
does not form a kinematic pair, but forms together with it 
one moving link. Shaft 8 rotates in a fixed cylindrical 
bearing which is not shown in Fig. 13, a, and forms together 
with this bearing turning pair A. 

For practical purposes the shaft is mounted not in one, 
but in two or more bearings, and in such cases all bearings 
belong to one fixed link. 


In the design scheme the geometric axis of shaft 5, 
which is perpendicular to the drawing plane, crosses at 
right angles the extension of the common geometric axis 
of the cylinder and piston. Therefore, in the kinematic 
diagram the centre of turning pair A must be located on the 
extension of the straight line, which represents a fixed link 
of the sliding pair. 



. 1 

Element 7 and element 5 are also joined in a turning 
pair. This pair is indicated by the letter B in the kinematic 
diagram. In the design scheme the distance between the 
geometric axes of elements 6 and 8 is definite and 
invariable; the centres of the circles, which depict pairs A 
and B in the kinematic diagram, must be located at the 
same distance to the chosen scale for the kinematic diagram. 
Thus, the engine crankshaft in the kinematic diagram is 
represented by link AB. 

Element 5 (the connecting rod) in the design scheme 
is joined in turning pairs with piston 3 and element 7. In 
the kinematic diagram the connecting rod is depicted by 
link BC, The distance between the centres of turning pairs 
B and C to the chosen scale for the kinematic diagram 
must be equal to the distance between the axes of the same 
pairs in the design scheme. 

The kinematic diagram of the engine as represented in 
Fig. 13.6 is a closed kinematic chain with one fixed link, 
three moving links, one sliding pair and three turning 
pairs. 

6. DEGREES OF FREEDOM OF A PLANE KINEMATIC CHAIN 

The position of link AB (Fig. 14) within the plane 
limits is defined by three parameters: by two coordinates 
of a given point of this link and the angle of inclination 
of the link to any of the 
coordinate axes. The free 
link on the plane, changing y 
these three parameters, 
utilizes three degrees of 
freedom; whether these 
three degrees of freedom 
are utilized at once dur- 
ing compound motion or 
in turn in any sequence is 
immaterial for obtaining 0 
the final result. 

By utilizing three de- 
grees of freedom in turn at motion in a parallel plane the 
link can move from position AB into another given position 
ab in the following manner: 

1) to displace parallel to itself in a direction parallel 
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to axis X as far as the coincidence of point A with the 
perpendicular drawn from point a to axis x; as a result of 
this displacement the link will assume the position AxBx\ 

2) to displace from position A^B^ also parallel to itself 
in a direction, parallel to axis y, as far as the coincidence 
of points A\ and a\ as a result of such displacement the 
link will assume the position aB 2 \ 

3) to rotate about point a as far as the coincidence of 
points B 2 and b. 

Two links which are not connected with each other have 
at motion in a parallel plane six degrees of freedom, allow- 
ing displacement of these links from any given position 
into any other given position. Two links whi^ are joined 
in a kinematic pair at motion in a parallel plane, that 
is without changing their relative position, can utilize only 
the three degrees of freedom which are at the disposal of 
one link. But, since they are connected in a kinematic 
pair, the links do not lose the freedom of relative 
displacement: links of a turning pair can utilize one more 
degree of freedom for turning one link about the pair 
centre, and links of a sliding pair — for the sliding of one 
link on another. In contrast to links of lower pairs, links 
of higher pairs at their relative displacement can utilize 
two degrees of freedom — one for the sliding and the other 
for the rolling of one link on the other. 

Hence, a lower pair takes away from two links two 
degrees of freedom or, as it is customary to say, imposes 
two connections; a higher pair imposes one 
connection. 

When it becomes part of a machine, the kinematic chain 
must be firmly coupled through one of its links with the 
machine frame. With one fixed link, called a frame, the 
structural formula of a plane kinematic chain is: 

’Sn-2p-k^W, ( 1 ) 

where n is the number of moving links or the total 

number of links less the one, which 
becomes a frame; 

P — the number of lower pairs; 
k — the number of higher pairs; 

W — the number of degrees of freedom or the 
number of free parameters. 
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The number of degrees of freedom of a kinematic chain 
relative to the fixed link as distinct from the number of 
degrees of freedom of a chain without a fixed link is termed 
the degree of movability of a kinematic chain. Hereafter 
we shall examine only kinematic chains with fixed links. 

In deriving formula (1) it was assumed that each link 
introduces three degrees of freedom into the kinematic 
chain, and each of the lower pairs takes away two degrees 
of freedom. But we can imagine a chain without higher 
pairs all links of which are deprived of the possibility to 
turn, that is to change their angular parameters. This type 
of chain is a chain which contains only sliding pairs. 

A link of such a chain introduces to the latter not three 
but two degrees of freedom, whereas a lower kinematic 
pair (in this case always a sliding one) imposes one con- 
nection and not two. 

Therefore, in determining the number of degrees of 
freedom of a kinematic chain which contains only slid- 
ing pairs, it is necessary to proceed from the formula 

W = 2n-p, (2) 

where W is the number of degrees of freedom; 

n — the number of moving links; 
p — the number of sliding pairs. 

Kinematic chains which contain only sliding pairs are 
seldom of practical application. 

The motion of a kinematic chain is characterized by the 
number of degrees of movability which is equal to the 
number of free parameters. When the number of degrees of 
movability is zero, all links can occupy only definite posi- 
tions, from which they cannot be moved owing to the 
absence of free parameters, viz., because it is impossible 
to make any of the links move. At W degrees of movability 
a certain reciprocal disposition of all links is attained after 
such movements of one or more of its links, at which all W 
of the free parameters were utilized. When one part of the 
links, which move by given laws and utilize all free para- 
meters, is in motion, the movement of the other links is 
thereby determined. 

In the study of chains those links whose laws of motion 
are assumed as given are called driving, the other links 
are called driven. Driving links should not be confused 
with links which are driven by external forces. To 

2 — in5 
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are no 
therefore, 


free 

the 


Fig- 15 


distinguish such links from driving ones we shall call them 
motive links. A driving link may or may not be a motive link. 

To illustrate the above we shall discuss some examples. 

Fig. 15 shows the diagram of a three-link chain with 
fixed link (frame) AC and three turning pairs B, C, When 

n = 2, p = 3 and k = 0^ the number of 
8 degrees of movability according to 

formula ( 1 ) is 

/ 3X 2-2x3- 0 = 0. 

Consequently, there are no free 

parameters, and clearly, therefore, the 
fig ;5 chain is fixed. 

By changing turning pair B in the 
kinematic chain (Fig. 15) to a higher 
one we obtain a chain as shown in Fig. 16. The higher 
pair permits the links to change their relative position, and 
therefore by retaining the contact in pair B it is possible 
lor one of the links to turn through a certain angle. But 
vvhen the turned link has been set in a certain position the 
other link cannot turn: its turning in one direction will 
be prevented by the first link, while turning in the opposite 
direction and coming out of contact with the first link 
would lead to the disappearance of the higher pair and the 
conversion of the kinematic chain from closed into un- 
closed. Hence, the number of degrees of movability of the 

chain is unity, which is substantiated as well by 
formula (1) : 


3X2-2X2-1 = 1. 

Fig. 17 shows a chain with three 
moving links and four turning pairs. 

According to formula (1) we obtain 

3x3-2X4-0= 1, 

As a result of turning link AB 
through a certain angle all links are 
set in a definite position, since the 
motion of any of the other links 

without a repeated change of the position of point B has 
become impossible. A similar result is also obtained when 
link CD utilizes one free parameter. It follows from this 
that link BC can freely change the position of only one 
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of its extreme points, whereas the position of the second 
point depends entirely on the position of the first. 

Hence, the result obtained above by formula (1) is cor- 
rect. 

Fig. 18 shows a chain with four moving links and five 
turning pairs. By formula (1) we obtain 

3X4-2x5-0 = 2. 

When link AB turns one degree of movability is utilized 
and the length of imaginary side BE of tetragon BCDE is 
determined. When points B and E are stationary the links 
of chain BCDE have one degree of movability, as has 
already been determined from an examination of the chain, 
shown in Fig. 17. A similar result is obtained if link DE is 



^rned instead of link AB. Hence, the chain shown in 

Hg. 18 has two degrees of movability, which substantiates 
the result obtained according to formula (1). 

In this chain each of the links AB and can utilize 
only one free parameter, while each of links BC and CD 
passing into a different position, utilizes two free para- 
meters For instance, in changing the position of point B 
link BL utilizes one free parameter, because point B mov- 
ing along the circumference of radius AB, can freely 
change only one coordinate; when point B is set in the new 

position, point C, moving along the circumference of radius 

freely change only one coordinate 

in F’g- >8 will move 

m a definite way either by two driving links AB and DE 
or by one driving link BC and CD. 

deterrnined the number of degrees of 

problem nf °tti ^ plane kinematic chain, we can solve the 
problem of the number of driving links in various wavs 

ependmg on the number of degrees of movability at the 
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disposal of the links which are chosen as driving ones In 

have one degref of mov” 
ability that are chosen as driving links. The number of 

fh<?rpT^ °u '^o^'^biiity of a plane kinematic chain may 
therefore be considered as equal to its possible number of 

hnk3 ^ be noted that one of the 

links of the kinematic chain is converted into a frame and 

the others move according to definite laws. 

Formul^a (1) makes it possible, even in the case of a 

cornplex chain, to solve rapidly the problem of the number 

o driving links which is required for a definite motion of 
all driven links. 


7. MECHANISM AND MACHINE 

designed to per- 

orrn a required motion is called a mechanism. 

machine is a mechanism or a group of mechanisms 
designed for performing useful work in the process of 
production, transformation of energy or transportation. 

s a ready stated, links are coupled in kinematic pairs. 
A simple type of mechanism may be composed of a system 
ol Uvo links coupled in a kinematic pair-- one moving link 
which can perform the required motion, and one fixed link, 
called a frame. A complex mechanism with one fixed link 
has a number ol moving links, wliich are coupled in 
kinematic pairs, and thus represents a closed kinematic 
chain. All the links of such a chain can be made to move 
when one or a number of the links called driving links 
mo\ e according to given laws. The required number of driv- 
ing links for a definite motion and the number of all the 
driven links can be defined by formula (I), which is a 
structural formula of a plane mechanism and is known as 
Chebyshey s formula. This formula was first developed by 
cademician P. L. Chebyshev in 1869 for mechanisms with 
urning pairs only, and subsequently it was extended to 
include mechanisms employing higher pairs as well as 
lower pairs of both types. 

^ 1 ^^ majority of cases we come across mechanisms 
only one driving link; in future only such mechanisms 
will be discussed. For such mechanisms Chebyshev's for- 
mula reads as follows: 


3n-~2p~k=\. 


( 3 ) 
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Since in deriving formula (1) only plane kinematic 
chains were considered, formula (1) and the resultant for- 
mula (3) do not cover space kinematic chains. 


8. CLASSIFICATION OF MECHANISMS 


Since the end of the 18th century scientists have proposed 
various systems for the classification of mecianisms, 
but none of them has had any considerable influence on 
the development of the science of mechanisms. Classifica- 
tion systems for mechanisms were proposed on the basis of 
the transformation of motion (for instance, from rectilinear 
into curvilinear, from continuous into periodic), on the 
basis of the conversion of velocities, on the basis of the 
types of connections between links of mechanisms, etc. All 
these classifications allowed the possibility of including in 
a single category mechanisms which differ in structure and 
therefore cannot be e.xamined together. 

In 1916 L. V. Assur, professor of the St. Petersburg 
Polytechnical Institute, proposed a system of classifica- 
tion which had great influence on the development of the 
science of mechanisms. This classification provided for 
mechanisms which incorporate only lower pairs, but 
subsequently in the works of Soviet scientists Assur’s’ clas- 
sification was extended to include mechanisms with higher 
pairs. ^ 

The relation between the number of moving links and 

the number of pairs in mechanisms, which have no higher 

pairs, in accordance with formula (3) is expressed by the 
equation 


3n — 2p + 1 . 


(4) 


This equation is satisfied by the following values which 
nu^mb°eTs^-°"^'^*^ of its variables, while n and p are whole 


n = 2t+\-A 
P = 3/+l,l 



where t'^0 and / is a whole number. 

independent variable t gradual increasing 

mow 1 the number of 

moving links and lower pairs suitable for the mechanism. 
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Where t-Q we have n = p=\ and, consequently, we 

obtain the diagrams of frequently encountered mechanisms 

which are shown in Figs. 19 and 20. Such mechanisms 

with one moving link and one pair, in which the moving 

link IS coupled with the fixed link, are named according to 

Assur s classification mechanisms of class I 
order 1 . 

Where t= 1 we obtain /i = 3, p = 4. A mechanism 

with this number of links 
and pairs can be obtained 
by connecting a group con- 
sisting of two links which 
are a part of three kinemat- 
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Fig. 19 


Fig. 20 


1C pairs, to a mechanism of class I order 1. Such a group is 
called a poup of class I order 2 or a two-arm 
group. In such a group two links are connected in one 
kinernatic pair, and on the ends of the links are positioned 
the elements of kinematic pairs in which the links are 
coupled with two different links of a certain mechanism. By 
introducing a two-arm group to the mechanism, i. e. by 
increasing the number of moving links of the mechanism by 
two and the number of lower pairs by three, the number 
ol degrees of movability, in conformity with formula (1), 
does not undergo any change. Depending on the number 
ol turning and sliding pairs included in the group, and 
^ respective location, the groups can be of various types. 

1 wo different types of lower pairs may be located in the 
middle between the links and on the link ends in 23 = 8 
dilferent combinations, as indicated below, where the 
letters T and 5 stand for turning and sliding pairs; 

Combination Nos.: 


1 2 3 4 5 6 7 8 

TTT TTS TST TSS STT STS SST SSS 

From the eight possible combinations Nos. 5 and 7 
should be deleted, since in reverse order combination 
No. 5 repeats combination No. 2, and No. 7 repeats No. 4. 
Combination No. 8 is not suitable for the creation of 3 
mechanism with one degree of movability by being joined 
with the basic mechanism of class I order 1 because it 
includes sliding pairs only, and for kinematic chains 
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which have only sliding pairs formula (2) will apply, not 
formula (1). From formu a (2) we arrive at the number of 
degrees of movability of a group, which has sliding pairs 
only (combination No. 8), ^=1. The introduction of such 
a group into the mechanism would lead to an increase in 


8 



Fig. 21 


the number of degrees of movability of the mechanism 
by unity. 

Thus only five types of two-arm groups are suitable 
for the creation of mechanisms with three moving links 
and four lower pairs. By joining five different two-arm 
groups to the basic mechanisms of class I order I we can 
obtain a number of different 
mechanisms with three mov- 
ing links and four lower pairs. 

Figs, 17 and 21 show dia- 
grams of such two mecha- 
nisms which are widely 
applied in modern engineer- 
ing. 

Where t = 2 we get n = 5, p = 7. Various mechanisms, 
each having these numbers of links and pairs, may be 
easily obtained by joining separate two-arm groups with 
different mechanisms of three moving links and four pairs. 




Fig. 23 

Figs. 22 and 23 show two examples of the large number 
of such mechanisms possible. 

With every increase of t by unity we shall get more and 
more complex mechanisms. Each successive mechanism of 
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increased complexity will result from the previous one by 
joining it with two different links of one group of class 
I order 2. All mechanisms obtained from the basic mecha- 
nism of class I order 1 by the successive joining of groups 
of class I order 2 are mechanisms of class I order 2, accord- 
ing to Assures classification. 

Mechanisms of class I order 2 are widespread in 
engineering, and by joining groups of order 2 with the 
basic mechanism we can obtain mechanisms with a large 
number of links and kinematic pairs. In order to proceed 
from the basic mechanism to the next in complexity, i. e., to 
a mechanism with n = 3 and p = 4, it was necessary to 
attach two links with three pairs to the basic mechanism; 
two links with three pairs are conceivable in only one 
form, that is in the form of a two-arm group, and therefore 
a mechanism with n = 3 and p = 4 can be created by one 
method only. But as soon as we proceed to the mechanism 
next in complexity, a mechanism with n = 5 and p = 7, we 
can raise the question; is it not possible to achieve it by 
means other than the attaching a two-arm group twice? 

Another method for the creation of a mechanism with 
five links and seven pairs may be simply to connect such 
a group to the basic mechanism consisting of four links 
and six pairs, which could not be divided into two two-arm 
groups. This requirement is satisfied by a three-arm group, 
as shown in Fig. 24. A mechanism which consists of the 
basic mechanism and one such group will have a structure 
that differs from the structure of a mechanism of class 


I order 2, consisting of five moving links and seven pairs. 

A three-arm group is called a group of class I order 3. 
and all mechanisms containing one or more such groups. 



regardless of whether or not they 
contain groups of class I order 2, 
are called mechanisms of class I 
order 3. 

A group of class I order 3, in the 
same way as a group of class I 


Fig, 24 order 2, may be of various types, 

depending on the number of turning 
and sliding pairs it contains and their respective location.^ 
One of many possible mechanisms of class I order 3 with 
five moving links and seven pairs is shown in Fig. 25 (with 


the extreme left link as the driving one) . 
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In a similar way we can obtain groups and mechanisms 
of higher orders, and by further complex combinations 
higher classes as well. We shall not discuss such mecha- 
nisms, since the majority of mechanisms employed in 
modern engineering should be treated according to Assures 
classification as mecha- 
nisms of class I orders 1 
and 2. 

Hence any mechanism, 
independent of its com- 
plexity and structure, can 
pe created by Assures clas- 
sification through the suc- 
cessive joining of groups of different classes and orders 
to the basic mechanism of class 1 order 1. Therefore 
a kinematic and dynamic analysis of any mechanism, 
regardless of its complexity and structural design, may be 
reduced to the successive separation from it of the attached 
groups, starting with the last one attached, and to the 
analysis of the separate groups. 

9. REPLACE/WENT OF HIGHER PAIRS BY LOWER PAIRS 

For purposes of determining the class and order of 
a mechanism with higher pairs, lower pairs should be 
substituted for the higher pairs. 

Let us imagine a three-link mechanism with one higher 

pair (Fig. 26), the curvilinear 
profiles of whose links are 
circles. During the motion of 
links the point of contact of 
profiles will always be on 
line BC, which connects the 
centres of the circles. With a 
given motion of one link the 
motion of the other will pro- 
ceed as if there were no higher 
pair, and instead there were 
link BC with turning pairs 
B and C. By replacing the higher pair with one link with 
two turning pairs, we shall obtain instead of a three-link 
mechanism, as shown in Fig. 26, the already familiar 
mechanism of class I order 2 which is shown in Fig. 17. 





Fig. 25 
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The centres of the circles in Fig. 26 are curvature 
centres of the profiles of the higher pair links. The method 
of replacing a higher pair remains unchanged also in cases 
\vlicn ihe profiles are curves other than circles. The veloc- 
ities and accelerations remain unchanged, if joints 
B and C are placed in the curvature centres. The point of 
contact of the profiles in this case will always be on the 
line connecting the curvature centres, and therefore the 




replacement of a higher pair by one link with two turning 

pairs is also possible. Where the curvilinear profiles of 

higher pair links are curves other than circular arcs, the 

radii of profile curvatures at points of contact will vary at 

different positions of the links, but for determining the 

class and order of a mechanism this will be of no impor- 
tance. 

If the profile of one of the links of a higher pair is rec- 
tilinear (Fig. 27), the curvature radius of such a profile at 
the point of contact will be infinite. In this case one turn- 
ing pair is located in the curvature centre of the curvilinear 
profile, and the other becomes a sliding pair (Fig. 28). 
In this case we also get a mechanism of class I order 2. 

10. MOST WIDESPREAD TYPES OF MECHANISMS 

In modern engineering the most widespread types of 
plane mechanisms with lower pairs are mechanisms of 
class I orders 1 and 2. 

A mechanism of class I order 1, which is a moving link 
connected with a frame in a turning pair, has been applied 
since ancient times (for example, the wheel on an axle), 
it is widely used at present, and will undoubtedly be used 
in engineering in the future. A further example of a mecha- 
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Fig. 29 


nism with such a diagram is an electric motor, whose 
moving link is a rotor firmly coupled to the shaft which 
rotates freely in bearings of a fixed body. Such a mecha- 
nism is also shown diagrammatically in Fig. 29, which is 
a centrifugal pump, whose moving link is shaft / with 
secured blades 2, by means of which 
the fluid is sucked into the pump during 
shaft rotation and is forced out from the 
pump into delivery pipeline 3 (the suc- 
tion pipeline is not shown in Fig. 29; it is 
located perpendicular to the drawing 
plane which could be shown in another 
projection only). Such a mechanism 
is also a water or steam turbine; 
in each of these turbines the moving 
link is again a shaft with blades which 
absorb the power of the water or steam delivered to the 
turbine. 

A mechanism of class I order I, which is a moving link 
connected with a frame in a kinematic pair, is a steam 
hammer, as shown diagrammatically in Fig. 30; its frame is 
steam cylinder 1 and hammer guides 2, and the moving 

link is piston 3 with rod 4 which con- 
nects the piston with hammer 5. 
When steam is admitted into the 
lower part of the cylinder, the pres- 
sure of steam moves the piston up- 
wards and the hammer with it'; when 
steam is discharged (through a hole 
which is not shown in Fig. 30) the 
hammer, entraining the piston, drops 
by its own weight on the processed 
part 6 which is located on the anvil. 
Another similar mechanism is the 
steam piston pump that is diagram- 
matically shown in Fig. 31. The steam 
and water cylinders 1 and 3 serve as 
its frame, and pistons 2 and 4 , which 
are connected to each other, are the 
moving link. When steam is admitted 
into the left-hand part of steam 
cylinder 7, piston 2 forces out the 
Fig. 30 exhaust steam of the previous stroke 
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through the right-hand part of the cylinder. At the same 
hme from the right-hand part of the water cylinder the fluid 
is forced out into the delivery pipeline, and is sucked into 
the lefMiand part from the suction pipeline. When steam 
is admitted into the right-hand part of cylinder 1 the right- 
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Fig. St 


hand part of the water cylinder performs the action 
of suction and the left-hand part that of expulsion. 
Fig. 31 shows neither the steam and fluid pipelines, nor the 
automatically closing holes by means of which the cylinders 
connect with the pipelines. 



Mechanisms of class I order 1 are 
widely employed not only in modern 
engineering, but also in everyday life in 
a number of simple hand-driven devices. 
The mechanism of class I order 1 is 
furthermore a basic component in the 
construction of all mechanisms of higher 
classes and orders. 

Of all possible types of mechanisms 
of class I order 2 the two most common 
are; the four-bar mechanism 
(see Fig. 17) and the slider crank 
mechanism (see Fig. 21 ) . 

Depending on the relative dimensions 
of all links each of the links AB and 
CD of a four-bar mechanism can either 
perform a full revolution about the axis 


Fig. 32 


of a turning pair or turn only a part of a 
full revolution. In the first case the link 


is called a crank, and in the second, a 
rocker arm. Link -6C is called a connecting rod. 
In engineering we come across various types of four-bar 
mechanisms, depending on the relative length of the links; 
they may be with one crank or two cranks, or with two 
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rocker arms. The motive link in the majority of cases is 
one of the turning links, whereas the link that performs the 
useful work is either the other turning link or a connect- 
ing rod. 

Fig. 32 shows the diagram of a mechanism with 
a moving rocker arm which 
is used in various types 
of foot-driven machines: /? 
lathes, sewing machines, 
etc. In such mechanisms, 
under the action of the 
operator’s foot, rocker arm 
CD performs rocking mo- 
tion, deviating from the 
central position by small 
angles. Heavy element 1 
is rigidly fastened to shaft Fig. 33 

A in order to enable the 

rocker arm to move upwards by inertia. Rotary motion can 
be transmitted through this element to another shaft, 
shaft 2, which has a working member fixed to it with the 
help of a cord or by other means. 

Fig. 33 shows the diagram of a dough-making machine 
with a four-bar mechanism which has a crank as its driver 
link, and the link, which is connected with the operating 
member, is a connecting rod. During rotation of the crank, 
element 7, rigidly coupled with connecting rod BC, de- 
scribes a closed curve with its end inside the vessel contain- 
ing the ingredients to be 
mixed which is turned by 
another one, not shown in 
the mechanism diagram, 

A four-bar mechanism 
with one crank is often 
n designed in the form of an 
eccentric mechanism as 
Fig. 34 shown in Fig. 34. In this 

mechanism crank AB is 

... , designed as a cylindrical 

disk which rotates about axis A at a distance AB from 

geometric axis B of the cylindrical surface of the disk. The 

disk is enveloped by connecting rod BC, axis B is the 

axis of the turning pair which joins the connecting rod 
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with the crank, while the cylindrical surface of the disk is 
the contact surface of the links of this pair. 

A four-bar mechanism with two cranks is often used 
as a mechanism with equal opposite links (Fig. 35). Such 
a mechanism is called parallel or a parallelo- 
gram. The mechanism in Fig. 36 is called anti- 
parallel or an antiparallelogram. 

Mechanisms with two cranks of unequal length are only 
rarely employed. 

The slider crank mechanism (see Figs. 13, b and 21) 
is in most cases so designed that the fixed axjs of turning 
pair A is located on the extension of the moving link guide 
of the sliding pair, called a slider. 

The slider crank mechanism, which makes possible the 
transformation of rotary motion into translatory motion 
and vice versa, is the most widely applied four-link mecha- 



Fig. 35 Fig. 36 


nism in modern engineering. This type of mechanism is 
used as a hasi-. in all piston engines (steam engines, 
stationary, automobile and aviation internal-combustion 
engines, and others), piston pumps and compressors, and 
is widely used in mechanical devices which serve other 
purposes. 

In the piston engine the motive link is the slider which 
in the design scheme of Fig. 13, a is the piston, which is 
guided by the cylinder wall. The cylindrical surface of the 
piston is always designed so that the piston can slide 
freely along the cylindrical wall, while not allowing the 
escape of any gas or steam which is under pressure at one 
side of the piston. With a motive crank and a driven slider 
the slider crank mechanism is used in piston pumps and 
compressors: during one piston stroke fluid (in a pump) 
or gas (in a compressor) is sucked in; during its back 
stroke expulsion into the delivery pipeline takes place. In 
pumps and compressors the pistons often work with both 
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end surfaces: suction takes place at one piston end, and 
at the same time delivery takes place from the other end. 
In order to accomplish this, the turning pair is not con- 
nected directly with the piston, but with special element 1 
(Fig. 37), which is rigidly fastened together with the 
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fig. 37 

piston through rod 3 that passes through sealing arrange- 
ment 2 (called “gland”) in the cover. The slider crank 
mechanism of a double action steam engine is designed 
in a similar manner. 

Among the mechanisms with higher pairs the gear 
drive has found wide application; it consists of two 
engaged toothed wheels (Fig. 38, a). During rotation of the 
driving wheel the tooth of this wheel, pressing on the tooth 
of the driven wheel, turns the 
driven wheel until both teeth 
are disengaged. Rotation of the 
wheels proceeds continuously, 
because before one pair of teeth 
comes out of contact another 
pair of teeth is already coming 
into contact. This type of mecha- 
nism is a three-link mechanism 
with two turning pairs and one 
higher pair. A kinematic diagram 
of the toothed mechanism is 
shown irt, Fig. 38, b. 

In engines and other mechan- 
ical devices cam mecha- 
nisms are widely employed. fig. 38 

A cam mechanism, whose dia- 

pam i^s shown in Fig. 39, consists of cam 1 and fol- 

connected with a frame in a turning pair, 
tna follower is connected in a sliding pair. The cam 
and the follower are connected in a higher pair In the 
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design arrangement constant contact of the follower with 
the cam is usually ensured by a spring. In order to 
diminish wear on friction surfaces the follower end, which 
thrusts against the cam, is usually given the form of a free 
turning cylindrical roller on the' axis. The follower can 

serve many purposes. For 
example, in piston engines the 
follower actuates the valves 
which open and close the holes 
for the admission of steam or 
mixtures of fuel and air into the 
cylinder, and for discharging 
exhaust steam or combustion 
products. The great advantage 
of the mechanism, shown in 
Fig. 39, is that with quite a 
simple design it allows the easy 
transformation of rotary motion 
into reciprocating motion. 

Fig. 40 shows the diagram 
of a cam mechanism in which 
the follower is replaced by a lever that is connected with the 
frame in a turning pair. In this mechanism too it is neces- 
sary to ensure constant contact of the higher pair 
links. 




Chapter II 

KINEMATIC ANALYSIS OF PLANE MECHANISMS 


U. INTRODUCTORY 

During the motion of the driving link every point of the 
driven links moves along a closed curve with definite veloc- 
ities and accelerations in different positions of the mecha- 
nism. The velocities and accelerations of individual points 
of a mechanism are determined by the kinematic analysis, 
and in some cases (see, for example, the mechanism in 
Fig. 33) the paths of points are also found. 

Determination of the velocities and accelerations is 
carried out at a number (12-24) of positions of the driving 
link; as a result of this it becomes possible to plot by points 
the curves which show the relations of velocities and 
accelerations to the positions of the driving link. The veloc- 
ities and accelerations for other positions of the driving 
link, which have not been analysed, can also be determined 
by the plotted curves. 

In order to be able to determine graphically the veloc- 
ity and acceleration of any point of the mechanism at any 
given position of the driving link, it is necessary at that 
position to plot as well the positions of all the driven links. 

12. DETERMINATION OF MECHANISM POSITIONS 

As we know, any mechanism of class I order 2 which 
includes no higher pairs, regardless of its complexity, can 
be created by connecting two-arm groups in succession to 
the basic mechanism of class I order 1. For any given 
position of the driving link the positions of the links of all 
two-arm groups, starting with the first one connected, may 
be easily plotted with the help of dividers and a ruler. We 
shall explain this by example. 

Fig. 41, a shows the diagram of an eight-link mecha- 
nism of class I order 2, which consists of the basic 
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mechanism of class I order 1, and three two-arm groups 
BCD, B\C\D\ and B 2 C 2 X. At a new position of the driving 
link AB (Fig. 41,6) the positions of the other links are 
determined as follows. 

1. The new position of point C is determined by the 
point of intersection of the circles of radii BC and CD 
which are drawn from the points B and D. The new po- 
sition of point C is determined by that point of intersection 
of these circles to which point C can approach at con- 
tinuous motion of link AB from the initial position. 

2. The new position of point B\ is determined by its 
invariable distance from points C and D respectively. 

3. The new position of point C\ is determined by the 
point of intersection of the circles of radii 5,C, and CiDj. 

4. The new position of point B 2 is determined by its 
invariable distance from points Ci and Z), respectively. 

5. The new position of point C 2 is determined by 
the point of intersection of the sliding pair rectilinear 
directrix with the circle of radius B 2 C 2 . 



In order to determine the positions of links of a higher 
pair, after changing the position of one of them, more 
complex constructions are required, since the relative 
disposition of these links depends on the shape of their 
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profiles. For instance, on turning link 1 of the higher pair, 
shown in Fig. 42, about the axis of turning pair A through 
a certain angle, and on drawing the profile of this link in 
turned position, it is necessary to determine the point of 
contact of the profiles and in accordance with the position 
of the point of contact to determine the 
turning angle of driven link 2 about the 
axis of turning pair B. 

The position of higher pair links can be 
determined by using patterns of links. 

Plotting is simplified if the profiles are 
given in mathematical curves, and is al- 
together simple if the profiles or their por- 
tions are circles or straight lines. 

13. VELOCITY DIAGRAM 

The velocities of individual points of a 
mechanism at various positions can be 
determined by plotting velocity diagrams fig. 42 
for corresponding positions. This method 
of determining velocities is as follows. 

Let us assume that we know the magnitude and 
direction of the absolute velocities of points B and D of a 
rigid body that performs motion in a parallel plane 
(Fig. 43, a), and we have to determine the magnitude and 
direction of the absolute velocity of point M of this body. 

Let us agree: 1) to denote absolute velocities by 
a small u, marking in the index with a capital letter the 
point whose velocity is designated: for instance — the 
absolute velocity of point B; 2) to denote relative velocities 
also by small u with a two-letter index, the first of these to 
indicate the point whose velocity is designated, and the 
second, the point relative to which the velocity is examined: 
for example, Vbd — the velocity of point B relative to point 
D, Vdb — the velocity of point D relative to B; 3) a dash 
over letter v indicates that the velocity is examined as 
a vector, i. e. not only in magnitude but also in direction. 

By joining points B and D with a straight line we get 
a diagram of the body in the form of a segment of line BD. 
Since the geometrical form of a body is of no significance 
for the kinematic analysis, and the position of a rigid body, 
regardless of its shape, is adequately determined by the 
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position of the line segment on it, we shall consider below 
the diagram (Fig. 43,6) BD of the body with point M, 
which is located at similar distances BM and DM from 
points B and D as in Fig. 43, a. By describing in Fig. 43,6 
the body as the diagram BD, we shall consider point M, 
which lies outside line BD, as the point which belongs to 
body BD, i. e. being rigidly connected with it. 

To the chosen scaje we lay off from arbitrary point p 

(Fig^43.c) vectors pb and pd of absolute velocities 

and Ud- By joining points 6 and d with a straight line we 
get a velocity diagram of body BD in the form of triangle 



Fig. 43 

pbd. The arrows which show the directions of absolute 

velocities at the termini of vectors pb and pd are unneces- 
sary, since the directions of the vectors of absolute 
velocities which emerge from point p are quite clear with- 
out the arrows. 

Poin_^ p is called the pole of the velocity diagram. 

Vector ^6 (in the direction from d to 6) is vector Vbd\ 

vector bd (in the direction from 6 to d) is vector 

Since point B relative to D (i. e. with point D being 
arbitrarily fixed) and point D relative to B can move only 

along the circles of radii BD, velocities Vbd and Vub can be 
directed only perpendicular to BD, Therefore side bd of 
triangle pbd is perpendicular to BD. 

Capital letters B and D indicate in the body diagram 
the positions of points whose absolute velocities are given; 
the termini of vectors of absolute and relative velocities 
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of these points are marked in the velocity diagram by cor- 
responding small letters b and d. Pole p of the diagram 
is the initial point of the vectors of absolute velocities of 
all the points of body BD. The point of body BD whose 
absolute velocity is zero is the instantaneous centre of 
rotation of body BD. In the velocity diagram the point 
which represents the absolute velocity of the instantaneous 
centre of rotation coincides with pole p. 

Velocities Vb and Vd are directed perpendicular to the 
radii of rotation of points B and D about the instantaneous 
centre, therefore instantaneous centre of rotation P is locat- 
ed at the point of in_tersection of the perpendiculars to the 

vectors of velocities Vb and Vp which are drawn from points 
B and D. Triangle PBD is similar to triangle pbd and is 
similarly located. The similarity of the triangles results 
from the corresponding perpendicularity of the sides (for 
instance, side PD is perpendicular to side pd) . The 
similarity of location is due to the fact that in passing the 
vertices of the angles of both triangles in the same direc- 
tion, the vertices designated by the same letters are passed 
in similar succession (for example, in clockwise direction 
vertices PDBP and pdbp are passed in succession). 

We shall proceed now to determine velocity v^f. In 
order to determine this velocity it is necessary to find on 
the velocity diagram point m, i. e. the vector terminus of 
the absolute velocity of point M. 

Point M moves together with point B and, therefore, 

with velocity Vb of this point and, in addition, moves 

relative to this point with velocity Therefore, absolute 

velocity Vm is the geometric sum of velocities Ub and 
which is expressed by the following vector equation: 

v^f=~ Vb “b 

The right-hand side of this equation signifies that in 

order to obtain th_e vector of velocity o.,/, which is the 

geometric sum of Vjj and Vmb, it is necessary to draw the 

vector of velocity Vb, to add to the terminus of this vector 

the vector of velocity Vmb and then join the origin of the 
iirst vector with the terminus of the second one. 

The__yector of velocity Vg is already drawn — this is 
vector pb of the velocity diagram. It remains only to draw 
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onto the terminus of this vector, i, e. to point b, the vector 

of velocity v^b- Point M relative to point B can only rotate; 

hence, the vector of velocity from point b must be 
directed perpendicular to line BM. In order to obtain point 
m on the diagram it is necessary to determine the length of 

vector bt?^ but this requires knowledge of the magnitude of 

velocity Ua/b, which is so far unknown. Therefore, from 

point b we do not draw vector bm, but only the line of ac- 
tion of this vector. It therefore appears that one equation is 
insufficient for determining the velocity of point M. 

In order to determine we can also write a second 
vector equation: 

+ ^AfD- 


Considering that the vector of velocity Ud, i. e. vector 

pd, is already drawn and that velocity Ua/d can be directed 
only pejpendicular to ^^D, we draw from point d line of 

action perpendicular to MD. Point m, where the 

termini of the vectors of absolute and relative velocities of 
point M converge, must lie on both lines of action and is 
therefore located at the point of their intersection. By join- 

ing^point m witli pole p we get vector pm of absolute veloc- 
ity Vyj. 

In order to find point m on the velocity diagram we 
have joined on the diagram point M with points B and A 
thus_obtaining triangle BMD, and have drawn on the vec- 
tor bd of relative velocities triangle bmd, which is similar 
to triangle BMD and also similarly located. In determin- 
ing the absolute and relative velocities of any point of body 
BD it is necessary to proceed likewise. Triangle bmd on 
the velocity diagram is obtained in those cases when point 
M on the diagram lies outside line BD. If point M is locat- 
ed on segment BD or its extension, then on the velocity 
diagram point m will lie on segment bd or its extension. 
In this case as well segments bm and dm will be propor- 
tional to segments BM and DM. 

If velocity Vm were specified and it were necessary to 
find on the diagram of the body point M, which in the 
position of the body, as shown in Fig. 43, moves with such 

velocity, it would be necessary to draw vector pm on the 
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diagram, to draw the triangle bmd and then plot on the 
diagram triangle BDM, which is similar to triangle bmd 
and similarly located. 

The scale of the velocity diagram is found on drawing 
the first vector: 


_ 

pb^ 

where pu is the scale of the velocity diagram in 

m/secX mm; 

Vb — the magnitude of absolute velocity of point 
B in m/sec; 

pb — the length of the vector of absolute veloc- 
ity of point B in mm. 

In order to determine the magnitude of the velocity of 
any point by the velocity diagram it is necessary to multiply 
the length of the vector of this velocity by the diagram 
scale. 

The angular velocity co of rotation of body BD may be 
obtained by dividing the absolute velocity of any point of 

the body by its distance to the instantaneous centre of rota- 
tion; for example: 

_ "b 
“ PB^ 

where Vq — in m/sec and PB — in m. 

In order to get PB in m it is necessary to measure PB 
in mm on the diagram and multiply by diagram scale 
P/ m/mm. 

If point P lies beyond the drawing, then on the basis 
of the similarity of triangles PBD and pbd it is possible to 
substitute kxpb for PB, where k is the relation of the 

lengths of similar sides which equals k=~. In this way 

we get (by expressing pb in mm and multiplying Uo by 
10^ mm/m) 

(0= 103xyB/*Xp& = ~p„. 

In the above plotting of the velocity diagram we had 
lour data at our disposal: the magnitudes and the direc- 

tions of both velocities Vb and v^. The velocity diagram 
can be plotted also from any three of these data For 
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example, if velocity Vp were Imown only in direction, then 

from pole p instead of vector pd we could have drawn only 
a line of action of this vector; the position of point d would 
have been determined in this case as a result of drawing 

'Ni line of action Udb, of the second geo- 

metric component of vector equation 

VD=VB + Vj)]g. 

1/ j Example I. For a mechanism of 

I class 1 order 1, in the position as 

shown in Fig. 44, a, plot the velocity 
^ ^ ^ diagram using the diagram, 

determine Vmn. considering points M 
I ><" / and N as belonging to link AB. The 

m pA velocity of point B is given by vector 

Vd- 

_ From pole p we draw pb, vector 


p,a 


f'lg. 4 t 


(Fig. 44, bj^ Since point A is 
fixed, point a, the terminu^f vector pa of velocity Va> will 
coincide with pole p. Line pb is the velocity diagram. ' 

In order to determine we plot on line pb triangle 
ptTiby wh ich is similar to triangle AMB and is similarly 

located; pm is vector Similarly we obtain on the dia- 


gram pn, i. e. vector By join- 
ing points m and n with a 
straigh_^ line we get nm^ i. e. 

vector 

Exmaple 2. Links and CD 
are connected at point C into 
a turning pair (Fig. 45,a). 

The velocities of points B 

and D are given by vectors 

and Vb. Determine Vq. 

Point C, belonging to link 
DC, moves together with point 
B an^ consequently with veloc- 
ity Vb\ it also moves about 

point B with velocity Vcb- 

Belonging to link CD, point 



Fig. 45 


A- 

•.J 


4 
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C moves with point D and consequently with velocity Vd, 
it also moves about point D witli velocity Vcd- 

In both cases velocity Vq is obtained in the form of a 
geometric sum of two components. Therefore, for determin- 
ing Vc we have at our disposal two vector equations: 

^’c = <^B + c.'cb; 

Vc — Vo + I'cD- 

In accordance with_the first of these equations we first 
have to draw vector pb of velocity Ug on the velocity dia- 
gram (Fig. 45,6), and then draw the vector of velocity Vcb 

to point b. Velocity Vcb can be directed only perpendicular 
to BC, since point C relative to point B can move only 
alojig the circumference of radius BC. Since the magnitude 

of UcB _i^ unknown we only draw from point b the line of 

action Vcb perpendicular to BC. 

In accordance with the second equation and bearing in 

mind ^he considerations already stated we draw 

vector Vo, and from point d the line of action Ucd perpendic- 
ular to CD. 

Since point c of the velocity diagram must lie on both 
lines of action, _by joining their point of intersection with 
the pole we get pc, vector Vc. 

Example 3. Fig. 46, a shows the diagram of a four-link 
mechanism with three turning pairs and one sliding pair. 
Driving link / and slider 2 together form a sliding pair; 
link 3, connected with the crosshead, forms turning pair b’. 
The angular velocity of link 1 is directed clockwise, its 
magnitude is known. Determine Vb- 

We mark on link 1 point which is located under 

point B 1 . e. located at distance AB^ from point A, which 
equals AB. 

In order to determine Vb we can write two vector eoua- 
tions: * 

^b = Vc-\-Vbc- 

In accordance with the first equation we have to draw 
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pbx, i- 6. v ector the terminus of this vector draw 

vector bxb of velocity Vbd.- 


The length of vector pbx = 


V 


B 


X _ 


^AB 


Lxiix is the length of AB 


1 ^ 


V 


l-l 


where 


V 


(0 


is the angular velocity of 




link /, and |.iy is the scale of the velocity diagram. 

The lengtli of vector bxb cannot 
yet be determined ^cause the magni- 
tude of velocity Vqbx is unknown. 
Since point B relative to point Bx can 
displace only along link 7, by draw- 
ing vector pbx perpendicular to link 
1 we draw from point bx the line of 

action Ubb^ parallel to link 1 (Fig. 
46,6). 

In accordance with the second 
equation we place point c in the pole 
^ since Uc = 0, and froni^ point c, we 

draw the line of action v^c perpendic- 
ular to BC, since point B relative to 
point C can displace only along the 
circle of radius BC. The magnitude 

and direction i. e. of vector Vb is 
determined by point b of intersection 
of the lines of action. 

Example 4. At the instant corresponding to the posit- 
ion in Fig, 47, a of links / and 2 of the three-link mechanism 
with a higher pair, point R of link 1 and point S of link 2 
are in contact. Angular vdocity w of rotation of driving 

link 1 is known. Determine 

For the solution of this problem we have at our disposal 
the following data: 

1) the magnitude and direction of velocity v^'. magni- 
tude Vn = lAR(3iy where Iar is the length AR, direction — to 
the right perpendicular to AR\ 

2) the direction of velocity Vg: to the right perpendicu- 
lar to BS\ magnitude Vg is unknown, since the angular 
velocity of rotation of the driven link is unknown; 

3) the line of action of velocity VgR-. tangentially to the 
profiles of the links at the point of contact. Point S relative 
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to point R can move only tangentially to the profiles at 
the point of contact, since otherwise point 5 would cither 
cut into the profile of the driving link or would move away 
from it. 

In accordance with vector equation 


we draw vector pr of velocity Vn. which equals = 
where is the scale of the velocity diagram, and from 

point r we draw the line of action Vsr. Since only the direc- 
tion of velocity Vs is known we draw from pole p the line 
of action of this velocity (Fig. 47, b) . 

The position of point s on the velocity diagram is 
determined by the point of intersection of lines of action 

VsR and Vs. Vector sr is vector Urs- 

Example 5. Plot the velocity diagram and determine the 

velocities Vcb and Vcd in the position of the four-bar 
mechanism which is shown in Fig. 122, a in accordance 
with the data given on p. 133i (numerical example). 

Example 6, Plot the velocity diagram and determine 

velocity Vcb in the position of the slider crank mechanism 
which is shown in Fig. 123, a in accordance with the data 
given on p. 141 (numerical example) . 

Example 7. Plot the velocity diagram and determine 


velocities Ucb, Vef and the 

angular velocity of rotation of link EF 
in the position of the six-link mecha- 
nism which is shown in Fig. 124, a in 
accordance with the data given on 
p. 148 (numerical example). 


14 . ACCELERATION DIAGRAM 

Let us assume that we know from 
the velocity diagram the velocities of 
all the points which belong to body 
ED (Fig. 48, a), and absolute 
accelerations and d^ of its two 
points B and D. It is necessary to 
determine acceleration dM of point M 
which belongs to body BD. 
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M 


Body BD performs compound motion. In examining it 

as motion together with point B and rotation about point 5 

m order to determine the total acceleration of point M we 
obtain vector equation ^ i we 

or, since the total relative acceleration a^s is the geometric 

sum of the normal and tangen- 
Q tial, 

In this equation acceleration 
as is known in magnitude and 
direction, normal acceleration 

directed from point M to 

point B and is equal to 

the tangential acceleration 

is directed perpendicular to BM 
and its magnitude is unknown. 

In examining the motion of 
point M as motion together with 
point D and motion relative to 
D, we obtain 



dAf = aD + d;L 


MD* 


where 
nitude 
^.2 


Fig. 48 


ao is known in mag- 
and direction, = 

— and is directed 

along DM from M to D; d]^^^ 

which is unknown in magnitude 
is directed perpendicular to DM. 

In order to determine the acceleration of point M it is 
possible to plot the acceleration diagram similarly to the 
velocity diagram. 

The right-hand side of each of the above vector equa- 
tions indicates that acceleration dM can be obtained as a 
result of the geometrical addition of three accelerations. 

On the basis of the first of these equations we draw 
from the arbitrary point n (Fig. 48,6), which we shall 
hereaftej^call the pole of the acceleration diagram, the 

vector nb of the first of the geometrical components, 
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vector Ob- Vector bn^B of the second geometrical 
component, acceleration , must be drawn to the 

terminus of this vector. On the body diagram acceleration 
is directed from point AI to point B, therefore vector 

btiMB from point b must also be directed parallel to MB 

downwards and to the left. Vector briMD must be laid off 

to the same scale as vector jib was laid off. 

The scale of the^acceleration diagram, which results 

after drawing vector rib equals 

Ob 

= ^m/sec^Xmm, 

and therefore 

bnMB= -^mm. 

To the terminus of vector btiMB. i- e. to point we 
must draw the vector of the last geometrical component, 
acceleration Since this acceleration is known only in 

direction, we have to confine ourselves to drawing its line 

of action perpendicular to MB or perpendicular to 
which is the same thing. Thus, as a result of using the first 
of the above vector equations we only find that point m, 

the terminus of vector nm of absolute acceleration Qm 
of this point, must lie on the line of action of acceleration 
drawn through point iimb- 

In accordance with the second of the above vector equa- 
tions we draw from pole vector zid of acceleration d^), 
and to the terminus of this vector we dra^vector Ijimd of 
acceleration The length of vector driMo is equal to 

the direction is parallel to MD from point d 

downwards and to the right, i. e. the same as the direction 
of acceleration on the body diagram. Since accelera- 

is known only in direction, we draw the line of 
action of this acceleration from_point Umd perpendic- 
ular to MD or perpendicular to dn^Dy which is the same 

thing. Point m, which is the terminus of vector of 

unknown acceleration dM, is located at the point of 
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intersection of both lines of action; this point must be 
located on each of these lines. 

If we were to join point m in Fig. 48,6 by means of 
straight lines with points b and d, we should get triangle 
bind which is similar to triangle BMD on the body diagram 
and is similarly located. Therefore, the position of point m 
on the acceleration diagram could also be determined as 

shown in Fig. 48, c, i. e. by plotting on vector 'bd triangle 
btnd. which is similar to triangle BMD and is similarly 



a) 


Fig. 49 





located. The triangles are similar because the lengths of 
bd, bm and rfm of the vectors of the relative accelerations 
are proportional to the lengths of segments BD, BM, and 
DM, which are the radii of rotation during motion of the 
extreme points of these segments relative to each other. 

Example 1, The absolute velocities and accelerations 
of points B and D of body BD, which performs motion in 
a parallel plane, are given by the vectors drawn on the 
diagram (Fig. 49, a). Determine the acceleration of the 
instantaneous centre of rotation of the body. 

We plot the velocity diagram pbd (Fig. 49,6) and the 
acceleration diagram jibd (Fig. 49, c ) . 

In order to determine the position of the instantaneous 
centre P of rotation in Fig. 49, a triangle BPD is plotted, 
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which is similar to triangle bpd in Fig. 49,6 and is 
similarly located. In order to determine on the accelera* 
tion diagram the position of point p, which p the terminus 

of vector np of the unknown acceleration Op, we plot on 

vector bd triangle bpd, which is similar to triangle BPD 
(Fig. 49, a) and is similarly located. 

Since the three triangles 
mentioned must be similar and 
similarly located, there is no ne- 
cessity to plot triangle BPD in 
Fig. 49, a: we can confine our- 
selves to plotting on vector bd 
of the acceleration diagram (Fig. 

49, c) triangle bpd, which is 
similar to triangle bpd on the 
velocity diagram (Fig. 49,6) 
and is similarly located. By 
joining point p with pole re we p 
obtain vector np of accelera- 
tion dp. 

Example 2. Links BC and 
CD are connected in turning 

pair C. Velocities Vb and Vd and 
accelerations Qb and dp are 
known. Determine dc (Fig. 50, a ) . 

In-order to determine veloc- 
ities VcB and Ucd, which are 
essential for plotting the 
acceleration diagram, we plot 
the velocity diagram (Fig. 50, 6) . fig- 50 

By considering first the 

motion of point C as motion together with point B and’ 

motion relative to point B, and then as motion with point 

D and motion relative to point D, we get two vector equa- 
tions for determining ac: 

ac = dp + d-^ + aj^. 

Proceeding from the first equation we draw n6, vector 
Ob (Fig. 50, c;. Magnitude =^1^ IIbc= (bcXiiv)yiBc, 
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where be is the length of vector ves on the velocity dia- 
gram and is the scale of the velocity di’agram. The direc- 
tion of in Fig. 50, a is from point C to point B. There- 
fore, we draw also vector bricB of this acceleration from 
point b paraHel to BC, We draw the line of action of 
acceleration <7^^, which is unknown in magnitude, from 

point ficn perpendicular to BC and hence to VticB- 

In accordance with the second equation we draw zid, 

vector do, then from the terminus of this vector dnen. 
vector =^cd parallel to CD to the 

right, and from point ttco the line of action perpendi- 
cular to CD. 

Magnitude and direction jic, vector dc. are determined 
from the point of intersection of the lines of action. 

Example 3. Link BC is coupled with 
^ the slider, which moves along fixed 

directrix xx (Fig. 51, a) in turning pair 
C. In the instant, corresponding to the 
position presented in Fig. 51, a velocity 

Vb and acceleration ds are known. 
Determine d^. 

We plot first the velocity diagram 
which is necessary for plotting the accel- 
eration diagram (Fig. 51, d). 

By considering first the motion of 
point C as motion together with point 
B and motion relative to point B, and 
then as motion together with point 
which is rigidly connected with the 
directrix, and motion relative to this 
)oint (point C.v may be assumed as 
ocated on the directrix under point C), 
we obtain two vector equations for 
determining dc: 

dc = dB + d«3 H-d^^; 

On the basis of the first equation we draw from pole 
nb vector as (Fig. 51, c). Magnitude 



b) 


jT 



C) 

Fig. 51 


n 


C8 
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=:(6cXfJ«)^/^Bc> where ftc is the length of vector Vcb on the 
velocity diagram, and |.iv is the scale of the velocity 

diagram. Length bncB = G’^s/\^a^ where bn^Q is vector 

and [la is the scale of the acceleration diagram. Direction 
in Fig. 51, a is from point C to point B, therefore on 

the acceleration diagram we also draw vector bticB parallel 
to BC from point b downwards and to the left. Magnitude 
5^3 is unknown, the direction is perpendicular to BC and 

hence also to bncB\ in this direction we draw from point 
ncB the line of action of this acceleration. 

On the right-hand side of the second equation, each of 
the first two geometrical components is zero/ac^, since 
point Cx is fixed, and because radius p of 

the path curvature along which point C displaces relative 
to point Cx is infinity. Acceleration 
dccx in Fig. 51, a is directed along 
directrix xXy we therefore draw 
from pole n the line of action 
of this acceleration parallel to the 
directrix. 

The magnitude and direction nc, 
vector dc, are determined by point c 
of intersection of lines of action 
and d^^. 

Vector nc on the acceleration dia- 
gram i^irected to the left, whereas 

vector pc on the velocity diagram is 
directed to the right; hence, point C 
in the position, as shown in 
Fig. 51, a, moves more slowly. 




Example 4. Plot the acceleration 
diagram for the mechanism, the 
diagram of which is given in 
Fig. 52, a. 

In constructing the vector equa- 
tions for determining accelerations 

ds it is necessary to bear in mind that point B, displacing 

along the turning link, moves with rotary (Coriolis) 

acceleration which we shall also denote by letter a with k 
as the upper index. 


Fig. 52 
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In order to determine we write two vector equations; 

an = 

dB = dc + d"c + «BC- 

VV'e determine the magnitudes and directions of the 

geometrical components on the right-hand sides of both 
equations; 


Accelera- 

tion 


a 


D 


~k 






^ac 


Macrnitude 


where pbx is the length of 

vector vq^ on the velocity 

diagram, shown in Fig. 46, b, 
and pv is the scale of this 
diagram 

!P =0. since p = oo 


V 


BB 


2mXVqq^ =2o}{bbxXiiv), where 
bbx is the length of vector 
Vbb on the velocity diagram 


Is unknown 

.Is zero, since point C is fixed 

BC^^ Bc~ ^ I where 
cb is the length of vector v 

on the velocity diagram 
Is unknown 


Direction 


From point Bx (Fig. 52, a) 
to point A, since during 
rotation of link 1 with 
constant velocity the 
total acceleration will 
be normal 


Is determined by the vec- 
tor of velocity ^bBx^ 

which is turned through 
90° in the direction of 
rotation of link 1, i. e. 
in this case clockwise. 

Velocity Vqq is direct- 

ed upwards and to the 

right (see vector bxb 
in Fig. 46, b) parallel 
to link /; hence, accel- 
eration bBx direct- 
ed to the right perpen- 
dicular to link L 

Along link / 

From point B to point C 


Perpendicular to link 3 


After dividing the magnitudes of accelerations by 
scale |Xa of the acceleration diagram we determine the 
lengths of the vectors. Taking into consideration the 
directions of all vectors as indicated above in accordance 
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with the first of the above equations, we draw in succession 
(Fig. 52, b) vector nbx of acceleration , vector bx^Bs of 
acceleration and the line of action of accel- 

eration . In accordance with the second equation we 

JC 

draw from point c, which coincides with pole n, vector cn^c 
of acceleration and from the terminus of this vector 

the line of action of acceleration The terminus of 


vector nb of acceleration Ub is determined from point 
intersection of the lines of action of acceleration 

and al^. 


b of 

^BBx 


BC' 


Example 5. Plot the acceleration diagram for the 
four-bar mechanism in the position, shown in Fig. 122, a 
in accordance with the data given on p. 133, and deter- 
mine accelerations ^ as. and as of the centres of 
gravity (numerical example). 


Example 6. Plot the acceleration diagram for the slider 
crank mechanism in the position, shown in Fig. 123, a in 
accordance with the data given on p. 141, and deter- 
mine accelerations ag ac (numerical example). 

Example 7. Plot the acceleration diagram for the 
six-link mechanism shown in Fig. 124, a in accordance 
with the data given on p. 148, and determine accel- 
erations Qg^, as^y ac, as^ and ag^ and the angular accel- 
eration of link EF. 


15. KINEMATIC DIAGRAMS 

The velocities and accelerations of individual points at 
various positions of a mechanism are determined by kine- 
matic investigation. Kinematic diagrams in the form of 
curved paths, velocities and accelerations render a graphic 
representation of the kinematics of a mechanism. Besides 

these curves it is necessary in some cases to plot also the 
paths of individual points. 

We shall now study the methods for plotting kinematic 
diagrarns using as an example a four-link slider crank 
mechanism, which is widespread in engineering. 

As we already said, the slider crank mechanism is the 
basis of various piston engines, piston pumps and com- 
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pressors, and of a large number of other mechanical 
devices. In piston engines the motive link of the mecha- 
nism is always the slider, in piston pumps and compressors 
it is the crank, but in the majority of devices, where a slider 
crank mechanism is applied, the crank, regardless of 
whether it is a motive one or not. rotates with an angular 
velocity which is very close to constant velocity. Therefore, 
in the kinematic investigation of a slider crank mechanism’ 
as the driving link (i. e. a link moving in accordance with 
specified laws of motion) it is convenient to choose a crank 
also when it is not serving as a motive link. 

In a case of constant angular velocity the angles of 
rotation of the crank from a certain initial position are in 
direct proportion to the time intervals during which 
rotations take place; therefore the curves which express 
the relations of the paths, velocities and accelerations of 
any of the points of the mechanism to the angle of rotation 
of the crank are at the same time also the curves which 
express the time relations of the same magnitudes. 

big. 53. a shows to scale the diagram of a slider crank 
mechanism with crank AB 200 mm in length and connect- 
ing rod BC 600 mm in length. 

The crank rotates with constant angular velocity at 
240 r. p. m. 

We shall plot the diagrams of the paths, velocities and 
accelerations of point C, which is usually of great impor- 
tance in the study of slider crank mechanisms. 

Accuracy is essential in plotting the curves, from which 
the magnitudes from 12 to 24 ordinates of each curve are 
found. We will plot 12 points of each curve. When point B 
is in its extreme left position, point C also occupies its 
extreme left position. Let us consider this position as 
initial, and on the path of point B we shall mark it num- 
ber L Having divided into 12 equal parts the circle 
described by point B, we mark with successive numbers the 
different positions of point B in the direction of crank rota- 
tion, i. e. clockwise. We also mark with the same numbers 
the respective positions of point C on the directrix. 

We lay off along the axis of abscissae (Fig. 53,6) seg- 
ment /-/ and consider its length as the graphic expression 
of the time interval, which equals 0.25 sec, in the course of 
which (at 240 r. p. m.) the crank makes one turn. We 
divide this segment into 12 equal parts, i. e. the same num- 


52 



ber of equal parts into which the path of point B is divided 
in Fig. 53, a. 

We first plot curve s = f(t), where s is the distance of 
point C which is read to the right from its initial (extreme 
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Fig, 53 

left) position, and t is the time interval which is read from 
the initial moment. Since the positions of point C on its 
path at different positions of point B are determined by 

distance BC between these points, it is not 
difficult to find the ordinates of curve s = f (t). By drawing 

the ordinates in Fig. 53, b and joining them with a smooth 
curve we obtain curve s = f(t). 
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In order to plot curve y = where v is the velocity 
of point C, and t has the same value as in the previous 
curve, it is necessary to determine the velocities of point C 
at 12 different positions of point 5, and for this purpose, 
generally speaking, it is necessary to plot the same number 
of velocity diagrams. Since in this case the mechanism is 
symmetrical and therefore the location of the curve s = f(t) 
is also symmetrical relative to the mean ordinate drawn 
from point 7, the velocities of point C in symmetrical 
positions relative to this ordinate will be equal in mag- 
nitude and opposite in sign. Taking this into consideration 
we can confine ourselves to plotting the velocity diagrams 
only for the first seven positions of point B, Two symmet- 
rical branches of the curve v = {^(t) are plotted in Fig. 53, b. 
The velocity diagrams which have been plotted for deter- 
mining the velocities of point C at these positions of 
point B are not shown. In plotting curve u = (pf/j the 
velocity direction of point C to the right has been 
considered as positi\'e. 

In order to plot curve a~y\>(t), where a is the accel- 
eration of point C, and t is time, it is necessary also to plot 
the same number of acceleration diagrams as there are 
different positions planned for point B, but since in this 
case the two branches of the curve of velocities relative to 
the mean ordinate are symmetrical we can confine our- 
selves to plotting the diagrams for the first .seven positions 
only. Curve a = \^(t) is given in Fig. 53, ft together with 
the two preceding curves. The acceleration diagrams, which 
have been plotted for determining the ordinate of curve 
a = \^(t), are not shown. In plotting the curve, the direction 
of acceleration to the right has been considered as 
positive. 

The curves of velocities and accelerations can equally 
well be plotted without the help of diagrams. Since the 
curve of velocities is the first derivative from the curve of 
paths, it can be plotted by points through graphic differen- 
tiation of the path curve. The curve of accelerations, which 
is the first derivative of the curve of velocities, can also be 
plotted in a similar manner. 

The following scales have been used in Fig. 53, b. 

The scale of abscissae for all curves p; = 0.0025 sec/mm 
(the 100 mm length in Fig. 53, b expresses the time interval 
0.25 sec, in the course of which the crank makes one turn). 
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The ordinates of curve s = f(t) are copied directly from 
Fig. 53, a, hence, the scale of ordinates of this curve is 
\is= 10 mm/mm. 

The ordinates of curve v = (p(t) are laid off to scale 
Pt- = 0.2 m/secXmm, the ordinates of curve a = \\-}(t) — to 
the scale pa = 7 m/sec^Xrnm. 

We said above that besides the diagrams of paths, 
velocities and accelerations, in the kinematic analysis of 
some mechanisms it becomes necessary to plot by points 
the paths of points belonging to individual links. The 
mechanism of the dough-making machine, which is shown 
in I'ig. 33, can serve as an example. In the kinematic 
analysis of this mechanism it is necessary to plot the path of 
the end point which is rigidly coupled with the connecting 
rod of the operating member since the capacity of the 
machine is determined by the shape of this path. In the 
kinematic analysis of a slider crank mechanism the neces- 

V 

sity for finding the paths of individual points arises only 
in the case of points which are coupled with the connecting 
rod, since the paths of the points which are connected with 
the other two moving links are in one case circles, and in 
the other straight lines. Fig. 53, a shows as an example an 
elliptical path (but not an ellipse) of the connecting rod 
point, which is located on line BC equidistant from points B 
and C. 

16. ANALYTICAL DETERMINATION OF VELOCITIES 

AND ACCELERATIONS 

The graphical methods which have been presented for 
determining the velocities and accelerations are lucid, 
simple, and straightforward. Yet no matter how carefully 
the plotting of the diagrams is carried out we must always 
reckon with the shortcoming which is characteristic of 
graphical methods: the difficulty of 'ascertaining the 
accuracy of the results obtained. 

In cases where the calculation must be particularly 
accurate and the degree of accuracy of calculation is spec- 
ified beforehand, the paths, velocities and accelerations 
may be determined analytically. Analytical determination 
of the paths, velocities and accelerations is always 
possible, since the mechanism in any given position is 
a closed diagram with sufficient data for the determination 
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of its sides and angles. However, the equations resulting 
from analytical methods are often complex and are there- 
fore inconvenient for practical application in the analysis 
of even the most simple mechanisms. 

In the previous section, by using graphical methods, we 
obtained three curves expressing the paths, velocities and 
accelerations of point C of the mechanism, diagrammati- 
cally shown in Fig. 53, a, in functions of the crank angle 
of rotation or its time of rotation from the initial position. 
If we apply analytical methods, we must obtain instead of 
the curves formulae expressing the identical functions as 
shown by the curves. 



Fig. 54 

For the slider crank mechanism shown in Fig. 54 we 
shall adopt the following symbols: 

q) — the angle of crank rotation AB^ which is 

read from the initial position of crank ABq 
clockwise; 

l\ — the length of crank AB\ 

h — the length of connecting rod BC\ 

s — CqC — the path along which point C has passed 

from initial position Co during the time of 
the crank turn at angle cp. 

In order to obtain the equations of the curve of paths 
we shall express 5 as function qp; 

s = CoC = AC—ACo=AC—(l2—li)\ 

AC — KC — KA = j/zf— sin^ qp— l\ cos 9 . 

Having defined l^/li after simple conversions we 

obtain 

s = /i (1 — cos qp + yp^ — sin^ 9 — p). 
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In this equation the path along which point C passes is 
expressed by the function of the crank angle of rotation. 
During crank rotation with constant angular velocity at 
n revolutions per minute the angle of rotation of the crank 
in radians in the course of t seconds 



Tzn 




where « is the angular velocity of rotation in sec“*. 

By substituting value qp in the above obtained formula 
we get the curve of the paths as 

s = /i(l — cos o)/ + yp2 — sin^ — 


By differentiating this formula we obtain after sim- 
plifying the expression for the velocity as a function of time 


ds 

It 



sin cou- 


sin 2 to/ 


2V/o^ — sin 


O). 


By differentiating this formula we obtain after sim- 
plifying the expression for the acceleration as a function 
of time 


dv 

dt 



cos 2(0/ 


sin2 2co/ 


sin^co/ 4V(p2 — sin^ (o/)3 



We have chosen as an example one of the simple mecha- 
nisms, and in the mechanism we have selected that point 
for which, not counting the points coupled with the crank, 
it was easiest to obtain an equation; even so the equations 
became inconvenient for practical application. Similar 
equations for various points coupled with the connecting 
rod and moving along paths that represent curves of the 

fifth and higher orders would have been much more 
complex. 

In order to avoid the necessity of complex equations 
for practical calculations, approximate analytical methods 
are used. For instance, the above equations can be 
simplified as follows: 



Vp2 — sin^(jit = p 





y sin^ (j)t 1 ?sin^ co/ \ 

2 
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Since the series converges quickly, we are able without 
great error to discard all terms, beginning with the third. 
In such case we obtain: 


S = /i 


—cos 0)t — 


(is 

Tt 

dv 

It 


= v = li |sin (s)t — 
= a = li ( cos bit — 


sin^ co/ 
2 p 


sin 2 (ot 

2 p 


(d; 


cos 2 oyt 
P 


) 




Chapter /// 


PLANE MECHANISMS FOR THE TRANSMISSION 

OF ROTARY MOTION 


17. GENERAL 

The elements which serve for the transmission of 
rotary motion are secured on shafts, which are in most 
cases cylindrically-shaped rods that rotate in bearings. The 
shaft that transmits motion is called driving; the shaft 
that receives motion is called driven. 

Transmission of rotary motion is possible between 
shafts which are situated in space in any position: the 
axes of the shafts may be parallel, crossing at any angle, 
and also intersecting at any angle. In practice we most 
frequently encounter cases where the axes of shafts are 
parallel, and more rarely where the axes of shafts cross 
or intersect at right angles. Hereafter we shall deal only 
with such cases, since all others are less frequently 
encountered in practice. 

Transmission of rotary motion between shafts with 
parallel axes is performed with the aid of plane mecha- 
nisms; in other cases it is performed with the aid of space 
mechanisms. 

Transmission of rotary motion is performed by one of 
the following means: 

1) through direct contact of two bodies, one of which 
is rigidly coupled with the driving shaft, the other with 
the driven shaft; 

2) by means of flexible bodies, which engage with 
bodies rigidly coupled with the driving and driven shafts. 

The first of these is attained in friction, gear and worm 
drives, the second in belt and chain drives. 

Transmission of rotary motion can be performed by 

increasing, decreasing or without changing the angular 
velocity of rotation. 
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The relation of the angular velocity of the driving shaft 
to the angular velocity of the driven shaft is termed ve- 
1 o c i t V ratio.* 

The velocity ratio during one turn of the driving shaft 
may or may not vary. In practice we rarely come across 
mechanisms for the transmission of rotary motion with 
a variable velocity ratio (i. e. variable during one turn of 

the driving shaft); we shall therefore not discuss these 
mechanisms. 



Fig. 55 
* 

If transmission of rotary motion between shafts with 
parallel axes is performed by direct contact of two bodies, 
one coupled with one shaft and the second coupled with 
the other, we can imagine such contacting cylinders 
coupled with the shafts which, while rotating about the 
common axes A and B (Fig 55, n) and remaining all the 
time in contact, do not slip one on another. Such imagi- 
nary contacting cylinders are called pitch cylinders. The 
circles, which we get when the cross-section of the pitch 
cylinders is made by a plane perpendicular to the axes of 
the cylinders, are also called pitch circles. 

During rotation the pitch cylinders will not slip along 
each other being that the linear velocities of the points 

* In some of the popular editions the term velocity ratio stands 
for transmission ratio which is greater than unity or is unity. 
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which lie on the surfaces of the cylinders are equal, i. e. 
when 

Ra X CO .4 = /?J3 X COfl, 


where Ra and Rb are radii; co.a and cob are the angular 
velocities of rotation of the pitch cylinders. From this 
equation follows 
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Hence, the velocity ratio can be expressed 
by the relation of the radii of the pitch 

cylinders. 

The design representation of the transmission of rotary 
motion between parallel shafts is begun by drawing the 
pitch circles on the diagram. From the given velocity ratio 
and centre distance (i. e. distance L between the centres of 
the pitch circles) it is possible to determine the radii of 
pitch circles after solving the system of two equations: 


Ra Rd — L. 

It follows from the above that the point of contact of 
the pitch circles divides the line of centres (i. e. the seg- 
nient AB) into parts, which are inversely proportional to 
the angular velocities of rotation of the shafts. 


18. FRICTION DRIVE 

An extremely simple form of plane transmission of 
rotary motion can be obtained by coupling the driving and 
driven shafts to cylinders with radii equal to the radii of 
the pitch cylinders, and by pressing them against each 
other. Fig. 55, & shows this type of transmission, where A 

rotates on fixed bearings; B is a turning 
shaft on bearings which can displace in a direction perpen- 
dicular to the axes of the shafts; Q is the force which is 
applied to the bearings of shaft B and which presses the 

radii Ra and Rb against each other, 
cylinders are pressed against each other 
QTnaif contact (or, to be more exact, on the 

rr^fi adjoining the line of contact formed as a 

result of deformation of the cylinders) a force of friction 
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develops by means of which rotation is imparted to the 
driven shaft during rotation of the driving one. Transmis- 
sion of rotary motion may be effected without one cylinder 
slipping along the other and, hence, with a velocity ratio 
equal to the relation of the radii of the cylinders, if the 
applied force Q ensures sufficient force of friction 
for this. 

This type of transmission is called friction drive. 

Utilization of the force of friction for meshing of rigidly 
connected wheels with the shafts, which in a friction drive 
are termed rollers, makes transmission simple, and 
therefore inexpensive, which is very important for indus- 
trial installations. The great advantages of a friction drive 
are that it is noiseless, and that a change of shock load on 
the driven shaft, i. e. a great and rapid increase in resist- 
ance of the driven shaft to rotation cannot result in the 
breakage of gear elements, since in this case all that would 
occur is a momentary slippage of the rollers without any 
significant harm to either roller. 

However, this latter advantage of a friction drive is at 
the same time its disadvantage, which in many cases pre- 
cludes the possibility of its application. The possibility of 
one roller slipping along the other does not allow applica- 
tion of the friction drive in cases where an invariable 
velocity ratio is a requisite condition for proper machine 
operation, and such cases are frequently encountered in 
practice. In the evaluation of this disadvantage of the 
friction drive it is necessary also to bear in mind the fact 
that slipping of one wheel along the other may occur not 
only during an increase in resistance to rotation by the 
driven shaft, but also as a result of a decrease in the force 
of friction between the rollers. A decrease in the force of 
friction may occur either as a result of the decrease in the 
force of pressure of one roller on the other, or as a result of 
the decrease in the coefficient of friction between the roller 
rims, for instance, as a result of the penetration of lubri- 
cant onto the rirns of the rollers. 

Another important disadvantage of the friction drive 
is the use of a device which presses the rollers against 
each other, while the pressing force is absorbed by the 
bearings of the rollers; as a result of this in the bearings 
of the shafts forces of friction develop to overcome which 
driving forces have to be applied. 
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Only compound friction drives can relieve the shafts 
from the action of force which is necessary to keep the 
rollers pressed against each other. These drives we shall 
not examiner here (such drives are examined in the course 
on machine elements), but in a simple friction drive, which 
is effected simply by a pair of wheels, measures can be 
taken merely to reduce tie disadvantage mentioned. It is 
for this purpose that the rims of metal (cast iron) rollers 
are frequently made of non-metallic materials (rubber, 
leather, wood, etc.), by means of which the required force 
of friction can be obtained with a lesser pressing force and, 
consequently, with lesser losses of friction in the bearings 
of the shafts. 

Because of these disadvantages of friction drives, the 
gear drive is being applied much more frequently for the 
transmission of rotary motion between parallel shafts. 


19. GEAR DRIVE 

A. General 

The gear drive consists of a pair of wheels with teeth 
which are arranged on the surfaces of circular cylinders. 
Fig. 56 shows in cross section the arrangement of the teeth 
of a pair of gears and indicates also the pitch circles with 
centres Oj and O 2 . During rotation of the driving wheel, 
the tooth of the driving wheel, pressing on the tooth of the 
driven wheel, causes the latter to rotate. Before one pair 
of teeth disengages another pair engages so that the wheels 
rotate continuously. In the designs currently in use from one 
to three pairs of teeth may be engaged simultaneously. 

Fig. 56 shows the respective positions of a pair of 
wheels with external toothing, where the centres of the 
pitch circles are situated on different sides from their point 
of contact. Gear drives with internal toothing in which the 
centres of the pitch circles are situated on the same side 
as the point of contact are also used (Fig. 57). In a drive 
with external toothing the teeth of each wheel are situated 
on the outer side of the rim; in drives with internal tothing 
the teeth of the larger wheel are situated on the inner side 
of the rim. In a drive with external toothing the wheels 
rotate in different directions, in a drive with internal 
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toothing they rotate in the same direction. Hereafter we 
shall only discuss drives \vith external toothing, since 
drives with internal toothing are applied comparatively 

The sides of the teeth are formed by curved surfaces 



P- Pitch point 
TT-Line of action 
AQ- Length of contact 
CD- Arc of action 
t - Pitch 

j cc - Pressure angle 
h - Addendum 
h - Dedendum 



Fig. 56 


such as to ensure a constant velocity ratio in the process 
of engagement of a pair of teeth. 

The curve on which the lateral surface of the tooth is 
plotted as on a directrix is called the tooth profile. 

In order to make sure that during rotation of the wheels 
the teeth of the driving wheel will always coincide with 
the spaces between the teeth of the driven wheel, it is 
essential that the distance between the centres of adjacent 
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teeth should be identical on either wheel. This distance is 
measured along the pitch circle; it is called pitch and 
is denoted by letter t. 

The pitch can also be measured from the pitch circle 
between profiles of adjacent teeth which face the same side. 

If we designate the number of 
wheel teeth with letter 2 , the dia- 
meter of the pitch circle with letter 
d, and express the length of the 
pitch circle through the diameter 
on one side and through the number 
of teeth on the other side we get the 
equation 

whence 

. t 

d^z 

71 

This equation shows that the 
diameter and pitch cannot be 
expressed by commensurable numbers. 

For the convenience of manufacturing toothed wheels 

relation ^ is chosen so as to be expressible by a whole 
number or by a whole number with few decimal places. 

Relation ^ is called module and is denoted by 
a small m. 



Fig. 57 


It will be shown below that provided the teeth profiles 
are correctly shaped the centre distance O 1 O 2 (see Fig 56) 
may be to some extent changed during wheel setting 

without modifying the velocity ratio. In such cases thi 
radii of the pitch circles change. 

It follows that the same pair of toothed wheels may be 
set up differently in such a manner that the wheels will 
operate at different diameters of the pitch circles, and 

therefore at different relations of It is obvious that the 

standard modules may pertain only to one of the 

circIe^Lth circle is an imaginary 

of teeth 2 /n. where 2 is the number 
01 teeth in the wheel and m the standard module. 

5 — 1115 


65 


It follows from the above that the nominal pitch circle 
may coincide with the pitch circle (which happens 
frequently), but may also differ from it. An understanding 
of the nominal pitch circle is necessary not only because 
we have to take its diameter into account in the manu- 
facture of wheels, but also because the term pitch circle 
applied to one wheel whould have no meaning, since the 

pitch circles come into being only during the engagement 
of two wheels. 

The nominal pitch circle diameter is considered as the 
wheel design diameter. The nominal pitch circle divides the 
tooth into two parts: the tooth portion, which lies outside 
the nominal pitch circle in wheels with external toothing 
(and inside the nominal pitch circle in the outer wheel of 
a drive with internal toothing) and is called adden- 
dum h'\ the portion of the tooth, which lies between the 
nominal pitch circle and the wheel body, is called deden- 
dum h". If the pitch circle does not coincide with the 
nominal pitch circle the tooth, in accordance with the 
State Standard, is divided into addendum and dedendum 
not by the nominal pitch circle, but by the pitch circle. 

The dimensions of standard teeth are accepted as 
follows: the addendum equals the module, the dedendum 
equals 1.25 of the module. In some cases wheels with stub 
teeth are used, i. e. the addendum equalling 0.8 module, 
and the dedendum equalling the module. The tooth 
thickness, which is measured by the nominal pitch circle, 
is assumed to equal half of the pitch. 

The module is determined as a result of strength and 
wear resistance calculations, which are discussed in the 
course on machine elements. 

The circle described about the wheel centre and which 
limits the tooth tops is called addendum circle. 

The distance between the profiles of adjacent teeth, 
which is limited by the addendum circle and the wheel 
body, is called space. The circle, described about the 
wheel centre and which limits the spaces from the side 
of the wheel body, is called dedendum circle. 

B. Compound Gearing 

A gear drive in the most simple design consists of a 
driving wheel in engagement with a driven wheel, each of 
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them rigidly coupled with its shaft which rotates about 
a fixed axle. 

The necessity of a compound gearing arrangement 
arises when the velocity ratio exceeds that which could 
practically be achieved by means of one pair of wheels. 
In such cases use is made of a 
multistep drive: one or more inter- 
mediate shafts (Fig. 58) are arranged ^ 
between the driving and driven 
shafts and rotary motion is transmit- 
ted in succession from one shaft to ^ 
another. In this type of drive two 
wheels are positioned on each of the 
intermediate shafts (shafts B and C in ^ 

Fig. 58); one of them is driven by the 
motion received from the preceding 
shaft, while the other is a driving ^ 
wheel which transmits motion to the 
next shaft. This type of drive can fig. 58 

achieve a high velocity ratio. 

Denoting the angular velocities of rotation of the shafts 
by letter co with a corresponding index, the velocity ratios 
by letter / with two indices, the first of which denotes the 
driving shaft, and the second the driven shaft, denoting 
the number of wheel teeth by letter e with indices which 
are given in Fig. 58, and considering shaft A as the driv- 
ing one and shaft D as the driven one, and taking into 
consideration that in a gear drive the velocity ratio can 
be expressed by the number of teeth of the wheels since 
the wheel diameter is equal to the product of the module 
by the number of teeth, we get: 





i = ^ 

D 5 


ing 


By multiplying these equations we obtain after reduc- 


Ka b X ^BC X icD 


_._Z2XZ^XZg 
% ~ ^^“^"” 21X23X25 • 


6 * 
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Hence, in a drive with intermediate shafts, each of 
which has a driven and driving wheel, the total velocity 
ratio i equals the product of the intermediate velocity ratios 
or the relation of the product of the number of teeth on the 
driven wheels to the product of teeth on the driving wheels 

(in Fig. 58 the number of 
teeth on the driven wheels is 
marked with even indices, 
and on the driving wheels 
with odd indices). 

Fig. 58 shows only two 
intermediate shafts, but the 
conclusion reached above 
will be equally correct for 
any number of intermediate 
shafts. 

At low velocity ratios, which are achieved by means of 
one pair of wheels, the arrangement of a compound gear- 
ing becomes necessary in those cases where the transmis- 
sion of rotary motion has to be performed without chang- 
ing the direction of rotation. If the driving and driven 
wheels must rotate in one direction, an intermediate (idle) 
wheel which engages with the driving and driven wheels 
(Fig. 59), is then fitted between them. 

Intermediate wheels also have to be fitted in cases 
where the distance between the axes of the driving and 
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Fig. 60 

driven wheels has to be great and for reasons of design 
it is impossible to fit wheels with large diameters 
(Fig. 60). Taking the wheel with the number of teeth Zj 
(Fig. 60) to be the driving wheel, and the wheel with 
the number of teeth Z 4 to be the driven wheel and determin- 

Zi 

ing the total velocity ratio, we will find it to equal ”, i. e. 



Fig. 59 
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the same as it would have been if the transmission had 
been effected without intermediate wheels. Therefore in 
drives with intermediate wheels neither the number of these 
wheels nor the number of teeth in them affect the 
magnitude of the total velocity ratio. If the driven wheel 
has to rotate in the same direction as 
the driving wheel an odd number of 
intermediate wheels is chosen, if in the 
opposite direction their number is even. 

So far the axles of the driving and 
driven wheels have been considered as 
fixed. However frequent use is also made 
of toothed gears in which the axles of 
some of the wheels are moving. Fig. 61 
shows one of the simplest gears of this 
type, which consists of toothed wheels 
S and P and lever D that is called 
the driver. If wheel S is fixed, 
during one turn of driver D wheel P will turn about its 


X 


-v 

/ 
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own axis ^ times, where Zs and Zp are the number of teeth 

p 

on wheels 5 and P, and besides that it will make one more 
turn about the driver axis. The velocity ratio from the 
driver to wheel P will therefore equal 



This type of mechanism is usually applied in apparatus 
where the reactants have to undergo vigorous stirring. In 
such apparatus the operating members (mixing arms or 
propellers), which act directly on the processed materials, 
are secured on the shafts of a few (usually three) wheels P. 

The mechanism, shown in Fig. 61, where wheel S is 

fixed, is called pi anetary, wheel 5 is called the sun 

wheel, wheel P the planet wheel or planet pinion. It is 

easy to calculate that this mechanism has one degree of 

movability (two moving links D and P, two turning pairs 
and one higher pair). 

When wheel 5 is moving the mechanism has two 

degrees of movability and is called a toothed differen- 
tial mechanism. 
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C. Theory of Gearing 


The operation of toothed wheels depends to a consider- 
able extent on the machining accuracy of teeth profiles. 
Before we decide what curves the outlines of the profiles 
should describe, let us find out what basic requirement 
these curves must satisfy. 

We know that during rotation of engaged toothed 
wheels, the pitch circles must roll on each other without 
slipping. This condition can be ensured only if in the 
process of gearing the tooth profile of the driving wheel 
is in constant contact with the tooth profile of the driven 
wheel. 

Let points 0 \ and O2 (Fig. 62 ) be the centres of the 
pitch circles of the first and second wheels respectively; 
P is the point of contact of the pitch circles, which is called 
the pitch point; Pi is the tooth profile of the first 
wheel; Ps is the tooth profile of the second wheel; M is the 
point of contact of the profiles in the instant correspond- 
ing to their respective location, as shown in the diagram. 

We shall examine the motion of one wheel; for example, 

that of the second in relation to tlie 
first. During rolling motion of the 
circle of centre O2 along the circle of 
centre Oi, the circle of centre O2 and 
profile P2 which is rigidly connect- 
ed with it. are turning at this instant 
about pitch point P, which is the 
instantaneous centre of rotation. 
Point Ml, which is connected with 
profile Pi and M2, which is connected 
with profile P2. are in contact 
at point M. When profile P2 turns 
about pitch point P the velocity of 
point M2 relative to point Mi, given 
normal functioning of the wheels, can 
be directed only tangentially to both 
profiles at point M, as otherwise 
profile P2 would either depart from 
profile Pi or would press into it. The velocity vector of point 
M2 relative to point Mj, which is directed tangentially to 
both profiles, is the perpendicular to line PM which is the 

radius of rotation. 


O2 



Qi 

Fig. 62 
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We come now to requirement which it is important 
for the profiles of teeth in mesh to satisfy: the common 
normal to the tooth profiles at the point of contact must 
pass through the pitch point. 

For every given case many profiles satisfying this 
requirement, can be plotted by 
specifying an approximate tooth 
profile for one wheel and plotting 
a conjugate profile for the tooth of 
the other wheel. Since in the actual 
designing of gear drives this is 
never practised, and the profiles 
are drawn by mathematical curves, 
we shall not examine the methods 
of plotting conjugate profiles by 
specified approximate profiles. 

Historically the first mathe- 
matical curves, by which the pro- 
files of teeth were drawn, were the 
cyclic curves (the cycloid, epi- 
cycloid, hypocycloid, pericycloid) . 

Cyclic profiles have great theoretical advantages, but the 
difficulty of making cyclic teeth made it necessary to 
abandon completely the production of wheels with such 
teeth. At present toothed wheels are manufactured only 
with involute profiles. 

In order to evaluate correctly the advantages of involute 
profiles it is first necessary to find out what properties of 
the involute are made use of in a gear drive. 

The curve described by the point of a straight line 
which is rolled along the circumference without slipping 
is called involute. The circle along the circumference 
of which the straight line rolls, describing with one of its 

points an involute is called a base circle; the straight 
line which rolls along the circumference of the base circle 
IS called a generatrix. 

important properties of the involute is 
that the generatrix is normal to the involute. 

verified from an examination of 
tig 63.^ Point >1 of generatrix AB is the instantaneous 
centre c. rotation and segment AB is the instantaneous 

lltT "i describes the involute; 

segment AB is the normal to the involute at this point, 
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since it is the perpendicular to the velocity vector of this 
point which is directed along the tangent to the curve. 

We assume in Fig. 64 involute CAB as rigidly connected 
with the base circle, and tangent TT to the base circle 
as intersecting the involute at point A. We indicate point 

B on the involute; segment BB\ is 
the segment of the generatrix. 

From the definition of the in- 
volute it follows that the length of 
segment AAi equals the length of arc 

U 

CAi, and the length of segment BB^ 

U 

equals the length of arc CB^. If we 
leave line TT stationary, and turn 
the base circle together with the in- 
volute, which is rigidly connected 
with it, counter-clockwise at angle a 
so that point Bi will coincide with 
point the involute will pass into 
position C1B2 and segment BB^ will 
occupy position B2A] on line TT. 

Before the base circle turned together with the involute, 
the point of involute intersection with line TT occupied 
position A, during the turn it displaced along line TT, 
passing in this time the distance AB2. Path AB2, along 
which the point of involute intersection with line TT passes 
during the turning of the base circle, equals the length 

of arc B\Ai along which point B^ displaced, since 

AB2==AiB2-AAi = BBi-AAi = CBi-CA^ = B^iAi. 

It follows from this that during rotation of the base 
circle together with the involute about the centre of the 
circle the linear velocity of the point of intersection of the 
involute with any tangent to the base circle (in the direc- 
tion of this tangent) is equal to the linear velocity of the 
points which lie on the base circle. This property of the 
involute allows the transformation of rotary motion with 
constant angular velocity into translatory motion with 
constant linear velocity, and vice versa. A simple cam 
mechanism with the cam outlined by the involute can be 
utilized for this purpose. This type of mechanism is shown 
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diagrammatically in Fig. 65 , where p is the involute profile 
of the cam which rotates about the centre of the base 
circle; K is the base circle for involute p; P is the follower 
which is directed by bushing B along the straight line of 
the tangent to the base circle. During counter-clockwise 
rotation of the cam with constant angular velocity, the 
involute profile will force the follower upwards with 
constant linear velocity; conversely, during motion of the 
follower downwards with constant linear velocity the cam 
will turn clockwise with constant angular velocity. It is 
clear from the above that the linear velocity of the follower 
will be related to the angular velocity of the cam rotation 
by the following simple function: 


u = roX 0), 


where v is the linear velocity of the follower, co is the 
angular velocity of cam rotation, and tq is the radius of the 
base circle. 

Let us imagine (Fig. 66 ) two cams with contacting 
involute profiles Pi and P2 which 
rotate about fixed centres Oi and 
O2. Common tangent TT to the 
base circle is the generatrix for 
both profiles, and it will therefore 
be the normal to each of the pro- 
files and must pass through their 
point of contact. 

We shall rotate profile Pi 
counter-clockwise with constant 
angular velocity coj. Profile Pi 
will force away profile P2 turning 
it (together with the base circle) 
about centre O2 clockwise. During 
this interaction of the profiles their 
point of contact will remain con- 
stantly on line TT, The point of 
intersection of profile Pi with line 
TT will displace along this straight 
line with linear velocity coiToi, and 

the point of intersection of profile p2 with line TT will do 
so with linear velocity (02^02. where ron and ro2 are the radii 
of the base circles. Since both these velocities must be 
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equal, as otherwise the profiles would depart or press into 
each other, we get equation 

(Oiroi=::(02/'02» 

whence 

~ =/= — 

**’2 '' Ol * 


Hence, the relation of the radii of the base circles is 
equal to the velocity ratio. 

When rotating with constant angular velocity, the driv- 
ing cam with an involute profile can rotate the driven cam 
with a similar profile only a small part of a revolution 
while both cams are in mesh. But if we were to arrange 

a number of cams about the 
axes of rotation of both cams 
in such a manner that at the 
instant of disengagement of 
one pair of cams the follow- 
ing pair engaged, the trans- 
mission of rotary motion 
would go on continuously. 
By proceeding in such a 
manner we shall get a pair 
of conjugate wheels, and the 
interaction of their teeth will 
in no way differ from the 
interaction of the conjugate 
cams, which are shown in 
T Fig. 66. 

We have ascertained above 
that with teeth with involute 
profiles the profile of the driv- 
ing tooth will force away the 
profile of the driven tooth in 
the direction of the common 
tangent to the base circles of 
both profiles with a linear 
velocity equal to the linear 
velocity of the points on both 
base circles; from this it follows that the velocity ratio 
equals the relation of the radii of the base circles. 

We have also ascertained that the common tangent to 
the base circles is the locus of the contact points of the 
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involute profiles and is the common normal to the profiles 
at their point of contact. 

We have still to ascertain that this common normal 
to the profiles at the point of their contact passes through 
the pitch point, i. e. that the basic requirement for involute 
profiles is being satisfied and which has already been 
mentioned as necessary for the proper operation of toothed 
wheels. 

Let us draw in Fig. 66 radii 0 \Ti and O2F2. where 
and T2 are the points of contact of line TT with the base 
circles, and we shall indicate point P of intersection of 
line TT with line O1O2. Segment O1O2 is called the line 
of centres. From the similarity of triangles O^PTi and 
O2PT2, it follows that the relation of segments 0 |P and 
O2P is equal to the relation of radii O^T^ and O2T2 of the 
base circles and equals the velocity ratio. 

0 \P and O2P are thus the radii of the pitch circles, and 
point P, through which the common normal passes to the 
profiles at their point of contact, is the pitch point. 

Common tangent TT to the base circles, which is the 
locus of the points of contact of conjugate teeth profiles, 
is called the line of action. 

On the basis of the above considerations we are able 
now according to centre distance O1O2 and given numbers 
Z\ and Z2 of teeth to plot the teeth of each wheel, proceed- 
ing as follows: 

1 ) we divide by point P (see Fig. 56 ) segment O1O2 in 

relation determining thus radii OiP and O2P of the 

pitch circles; 

2 ) we determine the module (from calculation of 
strength); 

3 ) we draw the addendum and dedendum circles, tak- 
ing into consideration that the radius of the first of them 
is equal to the radius of the pitch circle, which is enlarged 
to the module magnitude, and the radius of the second is 

equal to the radius of the pitch circle reduced by 
1.25 module; 

4 ) through pitch point P we draw the line of action 
at a determined angle to the line of centres O1O2; 

5 ) from the centre of the pitch circle we draw a per- 
pendicular to the line of action, determining the length 
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of the radius of the base circle, and we draw the base 
circle; 

6) by rolling without slipping the line of action along 
the circumference of the base circle in both directions, we 
describe with point P the involute section of the profile 
from the base circle to the addendum circle; the remain- 
ing part of the profile which is not utilized in gearing may 
be drawn along a more or less arbitrary curve; 

7) having plotted the tooth thickness by the pitch 
circle, we plot the profile which limits the tooth from the 
other side; the latter profile must be, of course, a mirror 
image of the first one; 

8) having divided from point P the pitch circle into 
parts equal in number to the teeth, we draw also the 
profiles of the other teeth of the wheel. 

In the design of toothed wheels one is faced with the 
problem of the angle to the line of centres that is to be 
formed by the line of action. This angle has no special 
name, but the complementary angle to it, i. e. the angle 
between the line of action and the perpendicular to the 
line of centres is called pressure angle a (see 
Fig. 56). 

From calculations taking into account the strength and 
wear resistance of the teeth (the methods for these calcula 
tions are explained in the course on machine elements) we 
obtain the necessary module magnitude. At a certain 
module it is often desirable, and in some cases essential 
to adopt for wheels as few teeth as possible. This type of 
gear will be small in size and cost less in production. But 
the fewer the teeth in the wheels the harder it is to achieve 
the necessary condition for the proper operation of the 
wheels, i. e. that before the final disengagement of one 
pair of teeth the next pair must already have begun to 
engage. As a threshold case this condition will be 
achieved when the arc of contact, i. e. the path, along 
which any point of the pitch circle' passes during the time 
of gearing of one pair of teeth, is equal to the pitch. In 
this case the instants of disengagement of one pair of 
teeth and of engagement of the next pair will clearly 
coincide. In gearing designs one must make sure that 
each of the following pairs of teeth engages not at the 
final moment of disengagement of the preceding pair, but 
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before, i. e. that the arc of contact is greater than the pitch. 
The relation of the arc of contact to the pitch is called the 
overlap factor and is denoted by a small e. The 
overlap factor determines the smoothness of gearing: the 
greater it is the smoother the drive operation, assuming 
that the other conditions remain the same. 

An increase in the pressure angle necessitates a de- 
crease in the arc of contact and, consequently in the overlap 
factor; it is therefore necessary to make the pressure angle 
as small as possible in order to provide for greater 
smoothness in the drive operation. However when the 
pressure angle is reduced, the required minimum number 
of teeth on the smaller wheel increases rapidly; therefore 
in order to reduce the proportions of wheels and, con- 
sequently, to reduce the drive cost, it is necessary to 
adopt a pressure angle that may possibly be a large one. 
Guided by such contradictory considerations, it was neces- 
sary to establish a pressure angle which would give no 
difficulties in obtaining a gearing with a sufficient overlap 
factor, and also would make the use of a large number of 
teeth unnecessary. The USSR Standard specifies the pres- 
sure angle 20"^; the tooth-cutting tools are being made in 
accordance with this pressure angle. 

Fig. 56 shows how the pressure angle affects the length 
of the arc of contact. During counter-clockwise rotation of 
the driving wheel with centre Oi gearing starts at point B 
and the arc of contact at point D, where the tooth profile of 
the driving wheel intersects the pitch circle at the instant 
when gearing starts. Gearing begins at point B because at 
this point the profile of the driving tooth enters into contact 
with the extreme point of the tooth profile of the driven 
wheel lying on the addendum circle of this wheel (in Fig. 56 
point B coincides with the right-hand profile of the driving 
wheel tooth; this coincidence is incidental). Gearing ends 
at point A, which is the point of intersection of the line 
of action with the addendum circle of the driving wheel. 
The arc of contact ends at point C, where the profile of the 
driving tooth, indicated by a dotted line, intersects the pitch 
circle in the final instant of gearing. The operating por- 
tion AB of the line of action, i. e. its segment between 
the beginning and the end of actual contact of conjugate 
tooth profiles is called the length of contact. 
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With a decrease in pressure angle a the line of action 
TT will turn counter-clockwise in Fig. 56 about pitch point 
P\ as a result point B, the intersection point of the line 
of action with the addendum circle of the wheel with 
centre O 2 , will move to the right, and point A, the intersec- 
tion point of the line of action with the addendum circle 
of the wheel with centre 0], will move to the left; the arc 
of contact will then increase because gearing will begin 
sooner and end later. It is true that in such a case there will 
be an increase in the diameters of the base circles and as 
a result the outlines of the profiles will change, and points 
C and D will be nearer to each other, but this approach will 

be insignificant compared 
with the increase in the arc 
of contact. 

Let us now discover the 
minimum number of teeth 
on the smaller wheel re- 
quired to facilitate a gear 
drive at different pressure 
angles. We shall consider 
teeth of normal depth, i. e. 
with an addendum which 
is equal to the module. 

First let us take into 
consideration the fact that 
during the operation of 
wheels the involute pro- 
files may come in contact 
only on that portion of the 
line of action which is 
located between points T[ 
and T 2 of contact of this 
line with the base circles 
(Fig. 66), since outside this 
portion the involute pro- 
files cannot come in con- 
tact, but can only intersect. 

From any point of contact situated on portion ^ 1^2 of 
the line of action, the contacting profiles can be plotted by 
this point by means of rolling the line of action first 
the circumference of one base circle, theii along that of the 
other. For instance, profiles Pi and P 2 in Fig. 66 can e 
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plotted by point K. In this case the profiles cannot intersect, 
since at the point of contact the curvature centres of both 
profiles (the points of contact of the generatrix with the 
base circles) are located at different sides from both 
profiles. The profiles which are so plotted are facing each 
other with their convex sides. 

In drawing profiles by point 
K, which lies outside portion 
T\T2 of the line of action 
(Fig. 67 ), the curvature centres 
of the profiles at their point of 
contact will lie on one side of 
both profiles, as a result of 
which there can be no profiles 
facing each other with their 
convex sides. The curvature of 
profile Pi, which is traced by 
point Ky decreases to the right 
of point K since the radius of the 
curvature increases, and the 
curvature of profile P2 increases, since the radius of the 
curvature decreases gradually during the rolling of the 
line of action along the circumference of centre O2; as a 
result to the right of K profile Pi is situated higher than pro- 
file P2. To the left of point K the curvature of profile P2 
decreases and the curvature of profile Pi increases, as a 
result of which profile Pi is located lower than profile P2. 
It follows from this that it is impossible to use any point 
lying on the line of action outside portion TiTg to plot two 
nonintersecting involute profiles by rolling the line of 
action without slipping first along the circumference or 
on base circle and then along that of the other. 

Let us draw (Fig. 68 ) the pitch circles of centres 
and O2 and radii ri and r2, the line of action at 90 ° — a 
angle to the line of centres, the addendum circle of radii 
Ti + m and r2 + m. Let us drop perpendiculars OxTx and O2T2 
from centres Ox and O2 to the line of action. Segments 
OxTx and O2T2 are radii roi and ro2 of the base circles. 

Let us assume that the driving wheel is the wheel with 
centre Ox and that it rotates counter-clockwise. 

The quicker the tooth of the driving wheel engages the 
greater will be the section of the line of action utilized; 
at the time of gearing the driving wheel will be turning 
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with one pair of teeth at a large angle and therefore 
a smaller number of teeth will be sufficient. As we already' 
found with normal teeth the engagement cannot take place 
on the line of action before point Tx\ therefore we will 
obtain the minimum number of teeth if we assume that 
engagement starts at point T\. 

Let us draw at point 7’, radius 02T\ = r 2 + m of the 
larger wheel addendum circle, i. e. the wheel with 
centre O 2 . The length of segment PT, of the line of action 
can be expressed as follows; 

PT^ = TxT 2-T2P = ']J {r2 + my- rl, -r2Sina. 

The very same length can also be expressed as follows: 

PTi =r| sin a. 


We obtain equation 

ri sin a= \ {r2 + my — rl^—r2S\r\ a. 

Substituting in this equation r 2 = ir\, where 
m = 2rjz, where 2 is the number of teeth of the smaller 
wheel, 


ro 2 = ^2 cos a = ir\ cos oi , 

after reducing all members to r\ and simplifying the 
equation we get 

(1+2/) sin2«xe2- 4/2-4 = 0, 


whence 

n i + l++(I+2i) sin^a 
(l+2()sin2a 

Fig. 69 shows curves that are plotted according to this 
equation; they express the relations of the practical mini- 
mum number of teeth on the pressure angle at different 
constant velocity ratios. 

When / = oo, we obtain a gear rack instead of a larger 
wheel. By dividing the numerator and the denominator of 
the right-hand side of the equation obtained above by /, and 
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then laying i — oo^ we get the relation of the minimum 
number of wheel teeth gearing with the gear rack as 


itr *0 • 

sin-^ a 

We stated above that, when the profiles of teeth are 
correctly produced, the centre distance can be somewhat 
changed during the setting of the wheels without upsetting 
the velocity ratio. Now we know that this pertains to 
involute profiles. Since a change in the centre distance 
does not change the profiles of teeth, then the diameters of 
the base circles also remain unchanged, but the direction 
of the common tangent (i. e. the line of action) to the base 



circles changes, and as a result the position of the pitch 
point on the line of centres changes. If before changing 
the centre distance the nominal pitch circles coincided with 
the pitch circles, then after the pitch point has been 
moved to a new point on the line of centres with a 
consequent change in the diameters of the pitch circles, 
these circles will no longer coincide. A change in the pres- 

6 — 1115 
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sure angle (resulting from a change in the direction of the 
line of action), and also a change in the module (resulting 
from a change in the diameters of the pitch circles) must 
necessarily affect the operating conditions of the wheels, 
in particular, the magnitude of the overlap factor, but the 
transmission of rotary motion by teeth with involute pro- 
files, when the -nominal pitch circles do not coincide with 
the pitch circles, will be just as correct and with the 
same velocity ratio as in the case where these circles 
coincide. 

D. The Production of Toothed Wheels 

The satisfactory working of toothed wheels can be 
ensured only if the teeth are accurately manufactured; at 
high peripheral velocities (of the order of 25 m/sec and 
over) inaccuracy in profiles of the order of 0.005 mm 
already affects considerably the drive operation. 

The best results in tooth cutting are obtained by 
applying the generating method. For a better under- 
standing of this method it is necessary to find out first 
how a toothed wheel meshes with the rack, which is 
a toothed wheel with an infinitely large radius and, 
therefore, performs rectilinear motion. 

Let us draw (Fig. 70) the pitch circle of the wheel of 
centre 0 and radius OP. If P is the pitch point, the straight 
line SS is the pitch circle of the rack with an infinitely 

large radius. Line is called the 
^ modularline. 

s — The line of action, at any 
/ respective disposition of the contact- 

' ' ' ing profiles, as determined above, 

must be normal to both profiles at 
their point of contact. The tooth pro- 
y file of the wheel, which rotates about 

the centre of the base circle, must be 
outlined by the involute, if the above 
Fig. 70 condition is to be consistently ob- 

served during motion of the conjugate 
tooth profiles of the wheel and rack; on the other hand, 
the profile of the rack tooth, which moves rectilinearly, will 
remain perpendicular to the line of action, if the tooth 
profile is outlined by a straight line perpendicular to the 
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line of action, since at an infinitely large radius of the 
base circle the involute becomes a straight line. 

The straight'Sidedness of the tooth profile of the rack 
is very important for the technique of toothed wheel manu- 
facture: teeth with a straight-sided profile can be produced 
with a high degree of precision without particular difficul- 
ties. and the precisely manufactured cutting tool can be 
utilized for accurate machining of teeth with an involute 
profile, regardless of how many teeth the wheel will 
consist of. 




In order to understand how the involute profile of 
a wheel tooth is obtained by means of the rack (with teeth 
of trapezoidal cross section), let us first imagine one tooth 
of the rack, made of rigid material, and a cylindrical disk 
made of plastic material, which can easily change its shape 
under pressure. 

Let us arrange the rack tooth and disk, as is shown in 
Fig, 71, a: the lower left angle of the tooth touches the 
external surface of the disk. The disk radius equals r + m, 
where r is the radius of the wheel nominal pitch circle, 
and m is the module. 

During operation of the wheel and rack the pitch circle 
of the wheel and the modular line roll over each other 
without slipping. We shall leave the tooth stationary and 
roll the nominal pitch circle of the disk along the modular 
line without slipping. As a result of such rolling the tooth 
will gradually penetrate into the disk material, making 

e* 
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a space between the adjacent teeth. Fig. 71, ft shows the 
respective location of the rack tooth and disk in inter- 
mediate position, and Fig. 71, c shows the tooth and the 
space formed after rolling, which is limited by the side - 
surfaces of the adjacent teeth with involute profiles. 

It stands to reason that this manner of obtaining 
a toothed wheel from a cylindrical blank, which is in 
practice impossible, is given only in order to illustrate the 
principle of cutting teeth by the generating method. With 
a steel rack tooth and a metal blank, instead of depressing 
the rack into the blank, a gradual cutting away of the 
blank material by the rack tooth is performed, for which 
purpose the rack is made as a metal-cutting tool whose 
straight-sided profiles are the profiles of the cutting edges. 

In this case the rack performs reciprocating motion in 
a direction perpendicular to the plane of the machined 
blank, which remains fixed during the working motion of 
the rack. 

Different versions of the generating method are 
employed in different gear-cutting machines. We shall not 
examine these versions here. 

If the generating method is employed, the profiles of 
teeth come out involute on the entire length from the 
addendum circle to the base circle only in those cases, 
where the number of teeth being cut is not less than the 

number obtained by the formula given 
above for determining the minimum 
possible number of teeth. When the 
number of teeth is less than that 
obtained by the formula the profile 
outline becomes distorted: the tooth 
point of the rack-tool undercuts part 
of the involute portion of the profile, 
which starts at the base circle, dur- 
ing which process the root of the tooth 
is also undercut, i. e. the portion of 
the tooth which is situated between 
the base circle and the dedendum 
circle. As a result of this the tooth assumes a shape approxi- 
mately similar to that, shown in Fig. 72. This type of tooth 
is called undercut. 

It should be remembered that the undercutting of teeth 
to such an extent as to reduce their resistance to bending 
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occurs only at a significant decrease in the number of teeth, 
so that the minimum possible number of teeth is of 
conditional value. For example, by the formula, when 
a = 20^ f = e=l7, the teeth will be undercut, whereas in 

practice the number of teeth can be accepted as 14 without 
particularly reducing their strength and this is frequently 
done. 

We assumed above that in cutting teeth the modular 
line SS (see Fig. 70) is directed tangentially to the nominal 
pitch circle. This is how normal or zero (uncorrected) 
wheels are manufactured. But in the process of cutting 
the modular line may be shifted somewhat away from the 
blank axis (positive shift) or, on the contrary, nearer to 
the axis (negative shift). In such cases we get so called 
nonzero (corrected) wheels. Where a shift away from the 
blank axis takes place, the teeth do not come out undercut 
when their number is below 17; in such cases the teeth 
come out thicker at the roots and thinner at the tops in 
comparison with zero wheels. Where a shift towards the 
blank axis takes place, the undercutting of teeth is greater 
than in zero wheels, and this causes a reduction in their 
strength; shifting towards the blank axis is therefore 
applied comparatively rarely, mainly in such cases where 
it is impossible to retain the given centre distance by any 
other means. 

The teeth of a wheel can also be cut by the formed 
cutter method. This method is effected by means of 
a cutting tool whose cutting edges are grooved (Fig. 73, a ) . 
By placing the cutting tool relative to the blank in such 
a position that the symmetry axis of the cutting edges of 
the tool is directed along the blank radius, we can make 
a cavity by moving the tool perpendicular to the blank 
plane, and by approaching the blank to the tool in the 
radial direction while the material is cut away. In this 
method the cutting edges are positioned on a revolving 
tool, the shape of which is shown in Fig. 73,6, and which 
is called a milling cutter. As this name implies, the process 
of cutting the blank material is called milling. The cavities 
are milled in succession, the blank being turned each time 

at angle— where z is the number of teeth. 

Since the outline of the involute profile is determined 
by the pressure angle, by the module and the number 
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of wheel teeth, it follows that for the production of toothed 
wheels by the formed cutter method at a standard pressure 
angle it is necessary to have a special milling cutter for 
each module and each number of teeth. Since it is in 
practice impossible to keep large sets of milling cutters at 
plants, we have to be content with a limited number of 
cutter sets, utilizing a single cutter for the production of 
wheels with different numbers of teeth. For example, if we 
have a set of eight milling cutters, we have to use a single 


b) 

Fig. 73 

cutter for the production of wheels with 26-34 teeth, another 
cutter for the production of wheels with 35-54 teeth, and 
so on. With each cutter we thus obtain accurate profiles 
only with one given number of teeth and not very accurate 
profiles in all other cases. Therefore in the production of 
toothed wheels intended for operation with high linear 
velocities on the pitch circles, the formed cutter method 
is not applied, because the teeth of such wheels must be 
machined with particularly high precision. 

E. Helical and Herringbone Wheels 

If we cut a toothed wheel into two equal parts along 
the plane, which is perpendicular to its axis, and then 
connect these parts rigidly, drawing them apart relative 

to each other at an angle smaller than — , and do the 

z 
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Fig. 74 


same to another wheel which is designed to operate in 
mesh with the first one, we will get two wheels with 
stepped teeth. The advantage of such wheel complication 
lies in the fact that at each instant the displaced parts of 
the teeth, relative to each other will work 
with different portions of the profile, with the 
result that the wheels will operate more 
smoothly and with a greater overlap factor: 
the first portion will come out of contact, 
and will pass an identical arc of contact as an 
uncut tooth would have passed, while the 
other portion will for a certain time remain 
in contact. 

Wheels with multistep teeth can be pro- 
duced in a similar way. Despite the advan- 
tages mentioned stepped wheels have not, 
however, found practical application owing to 
the much greater difficulty of manufacturing 
them as compared with ordinary straight-tooth 
wheels. 

An increase in the overlap factor and greater 
smoothness of operation can be obtained by directing the 
side surfaces of teeth so that the lines of action are located 
on the pitch cylinder along the helices. This type of wheel 
is called helical. 

Fig. 74 shows a pitch cylinder with line AB drawn on 
it to represent the line of the poles of a straight tooth, and 

helix AC to represent the line of the poles 
of the helical tooth. If in a straight-tooth 
wheel, rotating clockwise, the tooth comes 
out of contact at the instant when line AB 
occupies the position, as shown in Fig. 74, 
then in a wheel with helical teeth at the same 
instant the tooth is only beginning to come 
out of contact, and total gearing ends after 
point B passes arc BC. 

By developing into plane a portion of the 
surface of the pitch cylinder, which is 
limited by lines AB, AC and arc BC, we get triangle ABC 
(Fig. 75), in which p is the angle of inclination of the 
line of the poles to the generatrix, which is a complemen- 
tary angle to the lead angle of the line of the poles, and 
BC is the auxiliary arc of contact. * 
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Given the length of a straight tooth AB = b and overlap 
factor e of straight-tooth wheels, the overlap factor of 
helical wheels will equal 



Fig. 76 shows a plane development of a pitch cylinder 
portion with helical lines of the poles marked: 

/, — the circumferential pitch, i. e. the distance along 
(he nominal pitch circle between the profiles turned to one 
side, of adjacent teeth in the circumferential cross section; 
relation is called the circumferential module; 

tn — the normal pitch, i. e. the shortest distance be- 
tween the profiles, turned to one side, of adjacent teeth 
along the pitch cylinder; relation inln = mn is called the 
normal module; 

(a — the axial pitch, i. e. the distance in a direction 
parallel to the wheel axis between the profiles, turned to 
one side, of adjacent teeth along the pitch cylinder. 

In comparison with straight-tooth wheels the helical 
wheels have the following advantages: 

1) since helical teeth contact at each instant with 
different points of the profile they wear out more uniformly 
than straight teeth; 


2) since helical teeth do not come into mesh at once 
along the entire length, but gradually, they are less sen- 
sitive to shocks than straight teeth; 

3) with all other conditions 
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equal, the greater overlap fac- 
tor makes the minimum pos- 
sible number of teeth in a helic- 
al wheel lower than in a 


straight-tooth wheel. 

The disadvantage of helical 
wheels is that force P, with 
which the tooth of one wheel 
presses on the tooth of another 
wheel along the common normal 
to the helices (see Fig. 77, 


where the helix is shown in developed to plane position), 
splits into force Pi which acts in the plane of wheel rota- 
tion. and force P 2 which is directed perpendicular to the 


plane of wheel rotation. Force P 2 creates axial pressure on 
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the bearings. This brings about additional losses of f^'^' 
tion in the bearings, not to mention the resultant complica- 
tion in the bearing design. . . , . 1 

Axial pressures on the bearings can be avoided by plac- 
ing on one shaft two helical wheels with teeth inclined to 

different sides or, what 
is simpler, by position- 
ing on the wheel rim 
two rows of teeth in- 
clined to different sides. 

Fig. 78 shows a plane 
development of a sur- 
face portion of the pitch 

cylinder of this type of 
wheel with the side helices of the teeth located on me piicn 
cylinder. For the sake of convenience in the manufactur- 
ing of wheels (for the exit of the cutting tool) an inter- 
mediate groove of small width is often left between two 

rows of helical* teeth. 

This type of wheel is called herringbone and is 
usually used in transmission of large loads and with high 

linear velocities on the pitch circles of wheels. 

In 1954-1955 M. Novikov, Soviet engineer, developed 
a completely new gearing for helical gears, which is 
different from the involute and has been successfully 
mastered. 

In Novikov’s system the teeth of one wheel are convex 
and those of the other wheel are concave. The teeth of both 
wheels are located on the helices in such a way that at 
any respective position of the wheels the teeth contact at 
point. The point of contact during operation of the gear 
displaces in a straight line, which is parallel to the wheel 
axes and is the line of the poles in this type of gear. 
Contact of the teeth at point is theoretical; in practice 
contact takes place on a small area, which results from 
deformation, and after a short run the gearing wears, so 
that the contact becomes linear along the whole height of 
the tooth, and displaces during operation along the tooth 
length. 

Novikov’s gearing of helical gears makes possible the 
transmission of a turning force 2-3 times greater than 
it was possible with helical gears with involute gearing of 
the same dimensions and similar material. 
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20. TRANSMISSION OF ROTARY MOTION THROUGH 

FLEXIBLE BODIES. 

BELT DRIVE 

Transmission of rotary motion by flexible bodies is 
accomplished as follows: wheels, whose rims are enveloped 
by a flexible body, are tightly fitted on the driven and 
driving shafts; during rotation of the driving shaft and 
of the wheel fitted to it, the driving wheel entrains the 
flexible body which in turn entrains the driven wheel. 
Different types of flexible bodies are employed, such as: 
belts of various materials, ropes and chains. They are 
correspondingly classified into belt, rope, and chain drives. 

The belt drive is a widely used type of transmission of 
rotary motion. From the kinematic point of view the rope 
drive does not differ from the belt drive; the essential 
difference between these two types of drives is only in the 
design shapes of the drive elements which are determined 
by the difference in rope and belt properties. In the past 
the rope drive was used mainly for the transmission of 
large oads, but with the growth of electrically operated 
factory and works equipment it has lost much of its 
usefulness and is at present hardly applied. In the case of 
both belt and rope drives the driving wheel entrains the 
flexible body which in turn entrains the driven wheel with 
the help of the force of friction. Therefore these two types 
of drives cannot be applied in those cases where transmis- 
sion must be effected with an absolutely accurate velocity 
ratio. 

A chain drive is effected by toothed wheels (called 
“sprockets”), which are enveloped by a chain engaging 
with the teeth; therefore in distinction from belt and rope 
drives the velocity ratio in a chain drive, which is equal 
to the ratio of the number of wheel teeth, remains 
invariable regardless of fluctuations in the magnitude of 
transmitted power. The chain drive has two major 
disadvantages: the heavy weight of the chain (as com- 
pared with the weight of a belt) and the gradual stretching 
of the chain, owing to which the chain has to be shortened 
from time to time by removing one of its links. These two 
disadvantages exclude in practice any possibility of using 
the chain drive where the axes of the driving and driven 
shafts are a large distance apart. At small distances in 
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certain mechanical devices application of the chain drive 
is expedient, particularly when the small distances between 
the axes of the shafts are too great for a gear drive. 

A plane belt drive, i. e. transmission between shafts 
with parallel axes, is generally shaped as an open-belt 
drive, shown diagram- 
matically in Fig. 79, a, 
where Oi and O 2 are 
the axes of shafts Pi and 
P 2 that are rigidly con- 
nected with the wheel 
shafts, which in a belt 
drive are called pulleys, 
and B is the belt which 
envelops both pulleys. As 
already mentioned, the 
transmission of motion 
from the driving pulley to 
the belt and from the belt 
to the driven pulley is 
effected with the help of 
the force of friction. With 
all other conditions equal 
the force of friction will be 
greater and transmission 
better at a greater angle a of contact of the pulley and belt. 
It is therefore necessary in designing such a drive to posi- 
tion the driving, i. e. the more tensioned portion of the belt, 
whenever possible, at the bottom, since the slacker driven 
portion, if positioned on top, increases the angle of belt 
contact (Fig. 79,6), and if placed at the bottom decreases 
this angle (Fig. 79, c). 

The distance between the axes of the shafts in an 
open-belt drive may be considerable, up to 15 m, depending 
on the width of the belt and other conditions. At exceedingly 
large distances the belt begins to “whip”, i. e. perform 
vibratory movements in a direction perpendicular to the 
direction of its motion, using up a part of the power which 
is transmitted to it by the driving pulley and adversely 
affecting its service life. With extremely small distances 
between the axes of the driving and driven shafts the belt 
slips on the pulleys to a greater extent than is permis- 
sible for the satisfactory working of the drive. 





Fig. 79 
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In an open-belt drive both pulleys revolve in the same 
direction. If motion has to be transmitted with a change 
in the direction of rotation, a crossed belt drive isemployed, 
which is shown diagrammatically in Fig. 80. With identical 
distances between the axes of the pulleys and identical 

diameters of the pul- 
leys, the angles of 
/ ' contact of the pulleys 

I _j ^ and belt are greater in 

\ ’ y a crossed belt drive than 

in an open-belt drive, 
which is an advantage 
of the crossed belt drive. 
However, with small 
distances between the 
axes of the shafts there is an exceedingly slanted run-off 
of the belt from the pulleys and as a result of this the belt 
is not fully utilized. Moreover, in a crossed drive the belt 
bends in two different planes and 
at the meeting point of the driving 
and the driven sides between pulleys, 
moving in different directions, it is / \ 

subjected to wear. These disadvan- / _ \ 

tages of crossed belt drives become 1 , 7 

more expressed the greater the belt \ i / 

width and the greater the linear v\ ' / 

velocity of the belt. \ 

If it were possible to construct a \ / 

belt drive in such a way that the belt \ / 

would not slip on the pulleys, the \ 
velocity ratio would be determined \ fpT 

from the relation ^ \ 

(Oi/?i = 0)2^2^ 0- ■ ' V 0 f 

whence * ' i ^ 

“A = ^ ^ 

10 , /?, 

i. e. the velocity ratio would be equal gj 

to the relation of the radii of the 

pulleys. 

However, in the work transmission the belt will 
necessarily slip on the pulleys, no matter how accurately 
the drive is constructed, since its driving portion is 
stretched more than its driven portion. Practice shows that 


1 _ 


Fig. 81 


the belt will 
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owing to the inevitable slip of the belt on the pulleys the 
speed of the driven pulley, given satisfactory drive opera- 
tion, will be 1.5-2. 5 per cent less than it would have been 
if there had been no slip. With all the other conditions 
equal the slip will be greater the greater the power 
transmitted. 

The impossibility of achiev- 
ing accurate velocity ratios is a 
disadvantage of the belt drive. 

However, in many cases this 
disadvantage is of no signific- 
ance for practical purposes. 

The belt slip exceeds the 
permissible limit and the opera- 
tion of a belt drive becomes 
unsatisfactory where there is 
a very large velocity ratio or 
too small a distance betw'een 
the axes of the driving and 
driven shafts, since either of 
these unfavourable conditions ^ 
renders insufficient the angle of S2 

contact of the belt on the smaller 

pulley. In such cases the belt drive is provided with an 
idler pulley or with a countershaft. 

A drive with an idler pulley is shown diagrammatically 
in Fig. 81. In this type of drive idler pulley /, which rotates 
freely on the axis of double-arm lever L, presses with 
a certain force on the driven part of the belt and by deflect- 
ing it increases considerably the angle of contact of the 
smaller pulley and belt. Lever L rests freely on the axis 
of the smaller pulley and is under the action of weight 
IF or a spring. The force with which the idler pulley presses 
on the belt can be easily adjusted by changing the weight 
or tightening the spring. A drive with an idler pulley can 
operate satisfactorily even with large velocity ratios and 
small distances between the axes of the driving and driven 
shafts. 

A drive with a countershaft (Fig. 82) is a drive with 
an intermediate shaft, in which the total velocity ratio from 
driving shaft 1 to driven shaft 3 is performed in two 
stages: from pulley A motion is transmitted to pulley B, 
which is located on shaft 2, and from pulley C, which is 
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rigidly connected with the same shaft 2, to pulley D. In 
each of the stages, which are ordinary open' drives, the 
velocity ratio must not exceed the limit beyond which the 
belt is likely to slip over the pulley; it is therefore 
expedient to install two or more intermediate shafts in the 
case of a very high velocity ratio. A drive with a counter- 
shaft is at times employed even 
if there is no necessity to break 
up a large velocity ratio into 

two smaller ones: a counter- I 

shaft may be called for if the ' J 


■ 








Fig. 83 


Fig. 84 


local conditions do not allow direct transmission from the 
driving to the driven shaft (Fig. 83). 

It is frequently necessary to effect transmission to 
machines at varied velocity ratios. This is achieved by 
means of stepped pulleys (Fig. 84). The diameters of 



Fig. 85 Tig. 86 


94 


stepped pulleys should be so chosen that an identical 
length of belt is required on each step. If cone pulleys are 
employed (Fig. 85), the velocity ratio can be smoothly 
changed within certain limits, depending on the maximum 
and minimum diameters of the pulleys, without stopping 
the drive operation while changing the velocity ratio. 

In cases where the pulleys of a number of machines or 
apparatuses are driven from one driving shaft and where 
it is necessary to be able to stop transmission of rotary 
motion to any of them, without stopping transmission to 
the others, loose pulley L, which revolves freely on the 
shaft, is placed on the driven shaft of each machine or 
apparatus next to the working pulley W (Fig. 86), which 
is rigidly connected with the driven shaft. By placing on 
driving shaft T a pulley of double width it is possible, 
while maintaining constant rotation of the driving shaft’ 
to actuate or stop the driven shaft by shifting the belt 
from the loose pulley onto the working one and vice versa 
with the help of a simple device called shifter. 



Chapter IV 


SPACE MECHANISMS FOR THE TRANSMISSION 

OF ROTARY MOTION 


21. FRICTION DRIVE 

A space friction drive is produced between shafts with 
intersecting axes. This drive can take place at different 
angles be ween the axes of the shafts, but most frequently 
it IS emp oyed between shafts with axes intersecting at 
right angles. We will discuss here only this type of drive. 

In the transmission of rotary motion between shafts 
with parallel axes (at a constant velocity ratio) the pitch 
cylinders roll over each other without slip; this type of 
rive IS therefore called spur gear. In transmission between 
shafts with intersecting axes (at a constant velocity ratio) 



Fig. 87 


the pitch cones roll over each other (Fig. 87); this type of 
drive is therefore called bevel gear drive. 

In a spur gear the velocity ratio can be expressed by the 
relation of the radii of the pitch cylinders, in a bevel gear 
drive by the relation of the radii of the pitch cone bases, as 
can be easily seen from the following. 
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The linear velocity of point A (Fig. 87 ). which belongs 
to one of the cones, during rotation of the cone about 
axis OB is equal to coi^i, where coi and /?i are the angular 
velocity of rotation and the radius of the cone base; the 
linear velocity of point A, which belongs to another cone, 
is equal to 0)2^2* where (02 and R2 are the angular velocity 
of rotation and the radius of this cone’s base. With the 
rolling of one cone on the other without slip the following 
equation should be correct 


C0i/?1 — C02^2» 

whence 

(Og 



In a bevel gear drive the velocity ratio can also be 
expressed differently. Denoting by 6) and 62 the half angles 
at cone apices, we get 


R2 

Ri 


tan 62= cot 61, 


n e the velocity ratio of a bevel gear drive can be expressed 

by the tangent of the half angle of the apex of one of the 

pitch cones or by the tangent of the half angle of the apex 
01 the other cone, ^ 


In a spur friction gear the surfaces of the pitch cylinders 
are the outer surfaces of the rollers. Similarly in a bevel 
friction gear drive the surfaces of the pitch cones are the 
outer surfaces of the bevel rollers which, as in the sour 

EmcientTorcr"* 

Pressure of one roller against the other is achieved in 
a spur gear by positioning the shaft of one of the rollers 
on bearings which move in the radial direction and 
maintained by the motion of the bearings together’ wUh 
the shaft and roller m the radial direction. In a^bevel eear 

IS effected by force (usually from a spring) wS s 

directed along the axis of one of the rollers^ ^ 

In an ordinary bevel friction gear drive the velocity 

in F°ie%^8"thrv diagrammatically 

y Changing the distance k from the disk axis B to the 

7-1115 ' 
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centre plane of roller A. There are simple devices that 

can secure roller A at any point on its shaft in orde7 to 
change this distance. 

The disk gear is one type of variable-speed drives. 
Variable-speed drives are called mechanisms for the 
smooth, i. e. stepless change of the angular velocity of the 

„ driven shaft at constant ve- 

locity of the driving shaft. 
In a bevel friction drive 
the shafts press on the 
bearings not only in the 
radial direction, as is the 
case in a spur gear drive, 
but also in the a.xial direc- 
tion. Otherwise the advan- 
tages and disadvantages of a bevel friction gear driv^e 
determining the sphere of its application are the same as 
those in a spur gear drive. 



r- ^ ^ 


1 

1 

: • 


li 

/ 



22. GEAR DRIVE 

A space gear drive, like a space friction drive, takes 
place between shafts with intersecting axes and is similarly 
employed mainly between shafts with axes that cross at 
right angles. We shall discuss only this type of drive. 

As is the case with the pitch cylinders in a spur gear 
drive the pitch cones in a bevel gear drive are imaginary. 
The proportions of the teeth in height and thickness and 
the pitch and module in a bevel wheel change in proportion 
to the distance from the cone apex. The module of a bevel 
wheel, which should be approximated to the State Standard 
when designing a drive, is considered the module on the 
larger base of the pitch cone. 

As is the case with a bevel friction drive the velocity 
ratio in a bevel gear drive can be expressed by the relation 
of the base radii of the pitch cones or by the tangent of 
the half angle at the apex of one of the pitch cones (or by 
the cotangent of the half angle at the apex of the other). 

In a spur gear drive the meshing of a pair of conjugate 
profiles takes place on one plane, and thus both profiles 
can be drawn on a plane with the necessary accuracy (in 
practice they are produced by cutting on gear-cutting 
machines without preliminary drawing). 
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In a bevel gear drive the meshing of a pair of conjugate 
profiles takes place on a spherical surface, and since 
a spherical surface cannot be developed into plane, the 
accurate drawing of the profiles of bevel wheels on plane 
is impossible. When the execution has been accurate, the 
)rofiles of bevel wheel teeth should be spherical involutes. 
3ut the production of wheels 
with such profiles is in practice 
very difficult with existing 
machines. 

An approximate method for 
designing bevel gearing was 
proposed as long ago as 100 
years. According to this method 
drawing of the profiles of bevel 
wheel teeth on plane is per- 
formed as follows (Fig. 89): 

1) the pitch cones are plotted; 

2) from point A of the com- 

mon generatrix of the pitch 
cones we draw a perpendicular 
to this generatrix; point O, and 
O 2 of intersection of this perpen- 
dicular with the axes of the pitch cones are the apices of 
auxiliary cones; ^ 



3) se-gments OiA and O 2 A are the generatrices of the 
auxiliary cones; the circular arcs of radii 0„4 and 0,A art 
the developments of the bases of the auxiliary cones- 

4) on the developments of the bases of the auxiliarv 

circles, the teeth profiles are 

plotted as in a spur gear drive. i*v.ii>es are 

The circular arcs of radii O', A' and O'^A' are similarlv 
obtained and on them are plotted the teeth profiles for the 
small bases of the pitch cones as on the pitch circles 

Development into plane of the auxiliary cone does not 
^ circle, but only a portion of a circle 

radius of the base of the pitch and auxiliary cones On th^s 
arc are plotted as many profiles as are to be Sed on the 

Circle of the pitch cone base, and on the circle of radius ■— 
which is circumscribed by the generatrix of the auxiirary 
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cone, can be arranged ~ profiles, where e is the number 

of teeth of the bevel wheel, and 6 is the half angle at the 
apex of the pitch cone. Therefore, when the other conditions 
remain unchanged a pair of bevel wheels with e number of 
teeth of the smaller wheel operates with the same overlap 
factor as a pair of spur wheels operating with the number 

of teeth on the smaller wheel equal to-^. The number — . 

^ COSO cosd 

is called the imaginary (reduced) number of teeth of the 
bevel wheel. 

In modern gear-cutting machines the profiles of bevel 
wheel teeth are shaped differently from both the spherical 
involutes and the profiles which result from plotting by 
the simplified method discussed above. 

23. WORM GEAR DRIVE 

The worm gear drive is a modification of the space 
kinematic pair, i. e. the screw drive. 

If the screw were to be retained from translatory motion 
(Fig. 90, a) and the nut from rotary motion, then by turn- 
ing the screw the nut will get translation. The motion of 
the nut will not change if only a portion and not the entire 
nut is in contact with the screw (Fig. 90,6). On the 
cut-off nut, as given in Fig. 90,6. will be shown only the 




b) 


thread portions of the screw thread which will have the 
shape of helical teeth. 

By turning the screw we displace the threads of the 
cut-off nut translatory; translation can be examined as 
rotation about a circle of an infinitely large radius. If the 
nut threads are located on the wheel rim, a corresponding 
change in their shape will result in a worm gear, as shown 
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in Fig. 91, where the nut is called worm and the wheel 
wormwheel. 


When the section of a worm gear is performed by plane 
which is perpendicular to the wheel axis and passes 
through the axis of the worm, we get, as can be observed 
in Fig. 92, the same as in a 


section by plane perpendic- 
ular to the axis of a 



straight-tooth wheel which 



fig. 91 



fig. 92 


IS in mesh with the rack. The tooth profile of the rack as we 
have previously ^plained, is straight-sided, and therefore 

1" longitudinal section is a trapezoid. 
Worms with involute profiles are also employed 

adjacent points of intersection of 

generatrix is called the helix lead. The helfx lead 

is usually denoted by a small s 
Is '"Jailed " the 

centreline. 

In the development of 1 ' 

the worm pitch cylinder 

together with the helix .1 

centre line by plane we get j 

two straight lines, one of ^ ^ 

which is the development 93 

of the nominal pitch circle 

and the other is the development of the helix Angle ) 
between these lines is equal to the lead angle of the worm' 
along the pitch cylinder (Fig. 93) . 

The lead angle of the worm along the pitch cylinder is 


nd. 


-I — I 


fig. 93 
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called the acute angle between the tangent to the helix 
centre line and the tangent to the nominal pitch circle at 
the same point. 

By laying off from point A (Fig. 93) length AB, which 
is equal to the lenght of the nominal pitch circle, and lay- 
ing off on the perpendicular to 
AB the length BC, which is 
equal to lead s of the helix cen- 
tre line, we get from the triangle 
ABC the following relation be- 
tween angle X by lead s of the 
helix and the diameter d„o of 
the worm pitch cylinder; 

Fig. 9^ tanX=^, 

“wo 



A number of threads which are at an equal distance 
from each other can be located on a worm. Fig. 94 shows 
a worm with three threads of this kind. If a worm has 
of such threads it is called -thread worm. 

The number of worm starts is called the number of 
worm threads which are intersected by the plane perpen- 
dicular to its axis. 

The distance between profile surfaces of adjacent 
threads that are facing one side and measured parallel to 
the worm axis is called the worm axial pitch. The 
worm axial pitch is always denoted by a small L 

Fig. 95 shows the longitudinal section of a triple-thread 
worm, denoting by figures /, 2 
and 3 the different starts, the 

by s, and the axial 
From what has been 
said we obtain the 
relation between s 


helix lead 
pitch by /. 
previously 
following 
and /; 


s = z^oXt. 


Taking this into considera- 
tion we obtain 



tan K = 





wo 




n d 


wo 


K d 


wo 


71 d 


wo 


where m is the module and is the number 

modules in the diameter of the worm pitch cylinder. 


of 
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The numbers q, which should be accepted in the design 
of worm gears, are specified by the State Standard. In 
addition provision is made for the following modules and 
numbers q at various modules, although these are not 
advisable according to the State Standard: 


m— 3 4 5 6 8 10 12 16 20 mm 

q=12 11 10 9 8 8 8 9 8 


When equals from 1 to 4 and q equals from 12 to 

8 the angle }■. changes within the limits from arc tan = 

I ^ 

= 4°23'55" to arc tan-^ =26°33'54". 

o 

The pressure angle a = 20° is standardized in the cir- 
cumferential cross-section of the wheel, i. e. in the section 
by plane which is perpendicular to the wheel axis. With 
a standard pressure angle the minimum possible number 
of teeth in the wheel is 14; however in order to get a drive 

of satisfactory operation it is not advisable to adopt less 
than 26 teeth for a wheel. 

The linear velocity on the wheel pitch circle 



60 


> 


where and are the diameter of the pitch circle and the 
wheel revolutions per minute. 

The linear velocity of the nut, which is in gear with the 

worm and moves translatory at worm rotation, would be 
equal to 


V 


sn 


WO 


WO 


60 


Since u... = u...., then 


WO 




whence we get the velocity ratio i as 




,^wo _ 


n 


W 




wo 


to The nnS' relation of the number of wheel teeth 

10 the number of worm starts. 
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The velocity ratios of worm gears employed in heavy 
engineering number more than 50, and in gears of low 
power applied in fine mechanics up to 300 and over. 

The proportions of worm wheel teeth in section by 
plane, which is perpendicular to the wheel axis, are the 

same as those adopted in a gear drive. The 
same is true for the proportions of the 
threads of the worm in section by plane, 
which passes through its axis. 

Depending on the angular velocity of 
worm rotation the worm gears are clas- 
sified as high-speed gears and low-speed 
gears. The high-speed gears are employed 
mainly for power transmission from 
electric engines. In such cases the worm 
shaft is connected by means of a clutch to 
the engine shaft, which revolves with high 
angular velocity, and the wheel shaft is 
96 connected with the shaft of the operating 

mechanism which rotates with low angular 
velocity. Low-speed gears are used mainly in hand-driven 
devices for gaining force, for example, in manually operated 
hoisting mechanisms. 

The driving link in a worm gear is most frequently 
the worm. Worm gears with a driving wheel are seldom 
used and only in low-power devices. 



24. BELT DRIVE 

Compared with a plane drive a space belt drive is 
rarely used. 

Transmission between shafts, the axes of which lie in 
different planes and intersect at right angles, is effected 
by a quarter-twist belt drive, as shown in Fig. 96. In the 
arrangement of this type of drive the following conditions 
must be observed; the belt must move onto the pulley in 
a straight line, so that the axis of the oncoming side of the 
belt onto the pulley is in the direction coinciding with the 
mlley centre plane, and so that the running off side of the 
)elt from the pulley does not deviate sideways by an angle 
exceeding 25°. Therefore, a quarter-twist belt drive can 
function during belt motion only in one direction, i. e. it 
is not reversible. Likewise a plane drive will work 
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satisfactorily only when the belt moves onto the pulley in 
a straight line, but in this case it is unnecessary to dwell 
on this point since in a correctly mounted drive it is 
naturally observed during belt motion in any direction. 

A belt drive may be performed between shafts positioned 
in any spatial relationship to each other by using guide 
rollers, which revolve freely on their axes. The axes of the 
guide rollers, as well as those of the driving and driven 
pulleys, must be arranged to conform with the above 
condition. But such drives are already obsolete. 



Chapter V 


CAm GEARS 


25. DESIGNING OF CAM GEARS 

A simple cam gear is a three-link mechanism with 
a higher pair, and is mainly used for the transformation of 
rotary motion by the driving link into motion of the driven 
link by given law. There are many types of cam gears 
with a wide field of application but in this brief chapter we 
shall not examine all the widely used types. 

Figs. 39 and 40 show the kinematic diagram of two 
cam gears. In the gear of Fig. 39 during rotation of the 
driving link C, which is of a more or less intricate profile 
and is called a cam, the driven link F, called a follower, 
moves alternately in both directions by translation. In the 

other gear (Fig. 40) the driven link 
turns about a fixed axis at small 
angles also alternately in both direc- 
tions. In both gears the closing of the 
higher pair links, i. e. their constant 
contact, is usually ensured by a spring 
which presses the driven link onto 
the driving one. 

In designing a cam gear it is 
necessary to determine first the law 
of motion of the driven link, taking 
into consideration its function in the 
arrangement incorporating the cam 
gear. The considerations by which 
97 one has to be guided can be well 

illustrated by concrete example. 

Let us imagine a cam gear, which is plotted according 
to the diagram, shown in Fig. 39, and designed to keep 
open the hole for communication between spaces A and B 
(Fig. 97) at cam rotation with constant angular velocity in 
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the course of one quarter turn of the cam, and to keep it 
closed during the other turning portion. This function is 
fulfilled by a cam gear in an internal-combustion engine; 
through the hole, which is overlapped by a cam gear' 
a mixture of benzine vapours and air flows from' 
space A into space (duct) 

B, and through a hole 
positioned in a different 
part of the engine, and 
overlapped by another cam 
gear, the combustion pro- 
ducts from space B are 
discharged into the atmos- 
phere. In this case the cam 
gear follower is called 
a valve. 

The valve is lifted by a 
drawing. 

The cam profile must not only ensure the lifting and 
lowering of the valve onto the seat within certain strict 
time intervals, but also ensure a maximum opening of the 
hole from the moment of valve lifting to the moment of 
its lowering on the seat, so that the valve creates the least 
resistance to the flow of gases. In addition, the cam profile 
must ensure an even greater smoothness and shockless 
movement of the valve in order to avoid rapid wear of the 
contacting surfaces of the valve and seat as well as of 
the follower and cam. The fulfillment of these conditions 
depends on the law of motion of the follower selected as 
a basis in plotting of the cam profile. 

If we only consider the function fulfilled by the valve, 
we will get an ideal graph of the follower, as shown in 
Fig. 98, where by the axis of abscissae the time interval / is 
laid off in four equal parts and during this time interval 
the cam makes one turn; and the distance of the valve from 
its lower position in which it closes the hole fully is laid 
off by the axis of ordinates. The graph provides for the 
instantaneous transition of the valve from its lower to 
the extreme upper position, at the beginning of the first 
quarter turn of the cam for remaining in this position while 
the cam completes the first quarter of the turn, then for 
the instantaneous transition into the lower position and 

remaining there during the time interval /2 + ^3 + ^4 i e up 




f, H 

^t2 tj 

1 

‘ 


fig. 98 


cam which is not shown in the 
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to the beginning of the following turn of the cam. This 

graph is ideal because from the beginning and up to the 

end of the first quarter turn the hole stays fully open all 

the time, giving the minimum possible resistance to the 
flow of gases. 

However, this graph is in practice unsuitable; the very 
rapid (not to mention the instantaneous) transitions of the 
valve from one position to another and the mass connected 
with it would call for extremely high accelerations as 
a result of which exceedingly great forces of inertia and 
shocks would occur. 



Fig. 99 

Taking this into consideration, we have to provide for 
a gradual transition of the driven link from the lower 
position to the upper and vice versa and outline a graph 
such, as shown in Fig. 99, <3. The following four phases 
assume this form in the graph: 1) phase of departure 
(along line ab) \ 2) upper position phase (along line bc)\ 
3) phase of approach (along line cd)\ 4) lower position 
phase (along line de) . 

However, this graph, which is also of the driven link 
paths and consists of four straight-line portions, cannot 
serve as a basis for a cam gear, as is easily shown by 
plotting the velocity diagram (Fig. 99,6) in accordance 
with this graph, from the velocity diagram it can be seen 
that at points a, b, c, and d of the graph of paths the 
velocity change is instantaneous and therefore theoretically 
changes its magnitude at infinitely high accelerations. 

In order to avoid rigid shocks, i. e. shocks at infinitely 
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high accelerations, it becomes necessary to produce the 
graph of paths approximately, as shown in Fig. 99, c, i. e. 
to provide for a smooth transition from one phase to 
another. With this graph of paths the velocity diagram 
will resemble the one, shown in Fig. 101, d and the accel- 
eration diagram, the one in Fig. 99, e. Shocks are especially 
to be avoided at the moment the valve begins to lift and 
when it returns onto the seat. The graph in Fig. 99, e shows 
that movement of the driven link of the gear will not be 
accompanied by rigid shocks. However, the softer the 
shocks at the transition instants from one phase to another 
the greater is the mean resistance during the passage of 
gases through the hole inadequately opened by the valve. 

On the basis of these and similar considerations we 
choose the most expedient law of motion of the follower. 

In order to prevent the rapid wear of the contact points 
of the follower and cam the follower end is shaped as 
a roller freely revolving on an axle. The diameter of the 
roller axle and the diameter of the roller proper are 
determined after wear resistance calculations and accord- 
ing to considerations of design, which we shall not dwell 
on; but the presence of the roller must be considered in 
the designing of a cam gear, because with a follower and 
roller instead of the theoretical cam profile indicated in the 
kinematic diagram, along which the follower moves relative 
to the cam, we shall have a practical profile along which 
the roller moves. Let us discuss the method of plotting 
a practical cam profile. 

For plotting a practical cam profile it is necessary to 
have a graph of the follower paths, where the follower 
path is expressed in relation to the angle of cam rotation 
If we have a graph where the follower path is expressed in 
a functiori of time, then with constant angular velocity of 
cam rotation the graph may be used after recalculation of 
the scale by the axis of abscissae. With variable angular 
velocity of cam rotation the graph can be easily recon- 
structed, when the dependence of the angular velocity of 
cam rotation on time is taken into consideration 

Let us assume (Fig. 100) that the follower with its 
roller is in the lower position phase and that point O is the 
centre of the cam profile rotation. We assume that the 
cam rotates counter-clockwise. We draw from centre O the 
circle which is tangent to the follower roller On this 
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circle must be drawn the part of the cam profile against 
which the roller must rest in the lower position phase. 

Let us turn the cam through angle cp counter-clockwise. 
In the course of this turn centre A of the roller profile 
displaces upwards by distance s, which we know from the 

graph of paths, and the 
roller is placed in the position 
relative to the turned cam, 
as is shown in Fig. 100 by 
a dotted line. A similar rela- 
tive position of cam and roller 
results also in cases when 
the cam is left stationary and 
the follower with the roller 
are turned about point 0 
through angle cp clockwise. 
This position of the roller is 
shown in Fig. 100 by an un- 
broken circle. In this position, 
well 



fig. 100 


. as well as in any other 

(which will result in accordance with the graph of paths 

when turning the follower with roller through different 
angles in a direction, which is opposite to cam rotation), 
the roller must contact the cam profile. When we have 
plotted a sufficient number 

of roller positions at 
various turning angles of 
the follower, we get the 
cam profile as a curve 
enveloping various posi- 
tions of the roller profile 
that were drawn in the 
way previously discussed. 

Fig. 101 shows a spec- 
ified graph of follower 
paths, and Fig. 102 shows 
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the practical profile a — a of the cam which has been 
constructed in accordance with this graph. During mo- 
tion of the roller along a cam with this profile the centre 
of the roller profile will move along curve p — p. If the cam 
profile were to be traced along curve p- p, and the follower 
without roller w'ere to rest against this profile, tlie follower 
motion w'ould proceed in exactly the same way as with a 
roller resting against the practical profile a-a. The curve 
p — p is called the theoretical profile. 


The theoretical and practical profiles are equidistant 
curves, i. e. curves that are remote from each other at an 


identical distance at all 
points, wiiich are located 
on the common normals to 
both curves. The distance 



Fig. 103 



between both profiles will obviously be equal to the roller 
radius. 

Taking this into consideration it is possible to get 
a practical cam profile by constructing a whole series of 
circles of radius equal to the roller radius and wdth centres 
located on the theoretical profile. The envelope of all of 
these circles gives us the practical profile. 

In some cases the follower end is shaped not as a roller 

but as a plate (Fig. 103). Since the plate is both a design 

and kinematic element, the cam profile in the shape of 

a curve which envelops the plate in its different positions 

relative to the cam is both a theoretical and practical one 

practical cam profile of the gear 

hivVmi 104) it is necessary to 

have the graph in which the angle of rotation ^ of rod /IB 



is expressed in the function of angle cp of cam rotation. In 
this case as well the graph must provide for such motion of 
the driven link that excludes extremely high accelerations. 

In this case as well as in the previous one, the practical 
cam profile can be plotted by the method of reversed 
motion. Let point 0 be the centre of cam profile rotation 
(Fig. 104), point A, the centre of rod AB rotation, point B, 
the centre of cylindrical roller profile, and y* the angle 
between lines OA and AB in the initial position of rod AB, 
We assume the cam rotation as counter-clockwise. 




When the cam turns counter-clockwise through 
angle (pi the rod AB in conformity with the graph (not 
shown in the drawing) must turn about centre A through 
angle and, consequently, be located to line OA at the 
angle y + ifi; the roller in this case must take up the posi- 
tion which is shown in Fig. 104 by a dotted line. We will 
obtain a similar position for the roller relative to the cam, 
if leaving the cam stationary, we turn line OA through 
angle (pi shifting it clockwise into position OAcy and then 
place the rod AB with the roller at angle y-f-ifi to line OAc, 
after which the roller profile will assume the position Be- 
By turning line OA clockwise through different angles, 
i. e. in the direction opposite to that of cam rotation, we 
will obtain different positions of the roller profile relative 
to the practical cam profile. The practical cam profile will 
be shaped as a curve enveloping the roller profile in its 
various positions. The theoretical profile, as well as for the 
gear with follower, will be shaped as an equidistant curve. 
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remote from the practical profile by a distance which is 
equal to the roller radius. 

In designing cam gears it is necessary to make sure 
that the roller radius does not exceed the radius of cur- 
vature at any point of the theoretical profile which is facing 
the roller with the convex 
side, as otherwise no prac- 
tical profile can be ob- 
tained. One can easily see 
this by imagining the 
convex portion p — p of the 
theoretical profile in the 
shape of a circular arc of 
radius r, being greater 
than radius p of the roller 
(Fig. 105), of radius r 
being equal to radius p Fig, J07 

(Fig. 106), and radius r 

being smaller than p (Fig. 107) . In the first case the practical 
profile is possible, in the second case it has the form of 
a point, and in the third, the form of a self-intersecting curve. 




^ designing of a cam gear we also have to solve 
the problem of the most expedient proportions of the cam. 
For instance, if the cam is too large the gear with the 
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follower will be bulkier than is actually needed; if the 
cam is too small the gear will operate unsatisfactorily and 
there may even occur jamming of the follower on the cam 
or in the guide. In the operation of such a gear the mag- 
nitude of angle of pressure a (Fig. 108, a) plays an 
important role; this is the angle between the follower 
axis and the normal NN to the cam profile at the point of 
cam and follower contact. The magnitude of this angle 
depends also on the cam proportions. The force Q from the 
side of the cam onto the follower, which is directed along 
the normal NN, may be resolved into force P~Q qqs a, 
which raises the follower, and lateral force S = Qsm a. The 
smaller the angle a the greater is force P and the lesser 
is force 5; hence, from the dynamic point of view it is 
more expedient to have a possibly smaller angle of pres- 
sure. But, on the other hand, the relation of velocity Vp of 
follower lift and velocity Vc, which belongs to the cam 

point of contact with the follower, is exnressed as follows 
(Fig. 108,6): 

Vp=Vc tan a. 

Therefore from the kinematic point of view it is more 
expedient to have a possibly larger angle of pressure. 

The proper choice of the angle of pressure magnitude 
is therefore accompanied by certain difficulties. 
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26 . KINEMATIC ANALYSIS OF CAM GEARS 

The velocities and accelerations in a kinematic analysis 
of cam gears can be determined either by means of graphic 

differentiation or by plotting velocity and 
acceleration diagrams. 

In plotting the velocity and accelera- 
tion diagrams the cam gear, as well as any 
other mechanism with a higher pair, must 
be replaceable by a mechanism which has 
only ower pairs. When replacing a higher 
pair by one link with lower pairs it is 
necessary to know the curvature radii of 
the link profiles of the higher pair at their 
points of contact; in cases when the pro- 
files are traced by non-mathematical 
curves, we have to use approximate magni- 
Fig. 109 tudes of curvature radii. 
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When replacing cam gears by mechanisms with lower 
pairs it is necessary to proceed from the kinematic diagram 
of the mechanisms. On the kinematic diagram of each of 
them the theoretical cam profile must be given, against 
which the driven link must thrust with the point which 
coincides with the centre of the cylindrical roller 
profile. Depending on the type of curve used to 
trace the theoretical cam profile we can have 
replacing mechanisms of various types and 
mechanisms of the very same type, but with 
the links differing in length in certain posi- 
tions. Let us examine this by means of examples. 

Fig. 109 shows the curvilinear portion of 
the cam profile and the follower which rests 
against the cam profile by point. The follower 
profile is point B\ hence, the curvature centre 
of the follower profile is located at point B, Fig. IIO 
Point A is the curvature centre of the cam profile 
at point B\ point 0 is the centre of the turning pair in 
which the cam is connected with the frame. The replacing 
mechanism has the shape of a crank gear, as shown in 
Fig. no, where the follower has the form of a slider, link 
OA, that of a crank and link AB that of a connecting rod. 
At the approach of point B^ of the cam profile (Fig. 109) 

to the follower the 
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Fig. 112 


form of the replacing 
mechanism remains 


unchanged, but the 
lengths of crank OA 
and connecting rod 
AB are different 


owing to the change 
in proportions of 
radius AxBy of the 


curvature. 


Fig. 1 1 1 shows 
the straight-line por- 
tion of the cam profile 


, . , . and the follower 

which rests against the cam profile by point B. The radius 

of curvature of the cam profile at point B is infinity, 

therefore on the straight-line portion we get a link of a 

sliding pair and the replacing mechanism in the form, 
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shown 

pairs. 

Fig. 

profile 




\ 


\ 




in Fig. 112, with two turning and two sliding 

113 shows the curvilinear portion of the cam 
and rod BC rotating about centre C which thrusts 

against the cam profile by point. 
We obtain the replacing mecha- 
nism in the form of OABC, 
where centre A of the cam pro- 
file curvature at point B is the 
centre of the turning pair, in 
which crank OA and connecting 
rod AB are connected; rod BC 
is the rocker arm in this 



fig. //,y 



mechanism. If rod BC were to rest on the straight-line por- 
tion of the cam profile ( Fig. 114), the replacing mechanism 
would take a different form (Fig. 115). 


Chapter VI 


COMBINED STATIC AND INERTIA-FORCE 
ANALYSIS OF PLANE MECHANISMS 


27. INTRODUCTORY 

During the operation of a mechanism forces of inertia 
develop in its links owing to the action of external forces, 
and in the bearings of the links, i. e. kinematic pairs, 
reacting forces develop. 

The magnitudes, directions and points of application 
of the external forces which act on the mechanism are 
considered in the theory of mechanisms and machines as 
specified, and therefore the methods of their determination 
will not be examined. 

The methods for calculating links and bearings of links 
for strength are also not discussed in the theory of mecha- 
nisms and machines, but the required information for 
strength calculation as regards the forces of inertia and 
reacting forces in kinematic pairs that develop during the 
operation of a mechanism is found by the methods which 
are presented in the theory of mechanisms and machines. 
Of all the methods for determining these forces we shall 
examine the most expedient one, the combined static and 

inertia-force analysis. The essence of this method consists 
in the following. 

If body A, acting on body B, imparts acceleration to the 
latter, body B, reacting to body A, acts on it with a force 
which is called the force of inertia. 

The force of inertia acts on the body which imparts 
acceleration, but not on the accelerated body. For example, 
if body B, which is held by cord A, rotates about a certain 
axis, it is not body B that is subjected to the action of the 
forces of inertia (called centrifugal force) , but cord A, which 
continuously deflects body B from rectilinear motion, 
thereby imparting acceleration to body B. From the 
instant cord A breaks under the action of the centrifugal 
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force the movement of body B will proceed not in the 
radial direction, i. e. not along the line of action of the 
centrifugal force, but along the tangent to the path along 
which body B moved prior to the breaking of the cord, 
since neither before breaking nor in the instant of break- 
ing was body B under the action of centrifugal force. 

The force of inertia can be transferred to the accelerat- 
ed body only conditionally. If all the forces of inertia are 
transferred conditionally to the accelerated body of a mov- 
ing system, then according to d’Alembert’s principle the 
moving system can be considered at the instant of 
examination as stationary in a state of equilibrium under 
the action of the forces, including the force of inertia. It is 
on this principle that the combined static and inertia-force 
analysis is based. This method is called the combined static 
and inertia-force analysis because the forces in the links 
and the pressures in the kinematic pairs of a mechanism, 
which develop by the action of external forces applied to 
the mechanism, are determined first through kinematic 
analysis of a mechanism which has the accelerations that 
are required for the determination of the forces of inertia, 
and then by a static calculation. 

28. DETERMINATION OF THE FORCES OF INERTIA 

During the motion of the link of a mechanism all the 
material points which move with accelerations act with the 
forces of inertia on the adjacent material points. Stresses 
in the links develop owing to the combined action of the 
external forces and elementary forces of inertia. The forces 
which act on the links are balanced by the reacting forces 
which develop in the bearings of the links, i. e. in the 
kinematic pairs. 

The stresses which develop in links under the action of 
forces are not examined in the theory of mechanisms and 
machines, because, as mentioned above the methods of 
calculation of links for strength are not discussed in the 
theory of mechanisms and machines. In future the forces 
of inertia will therefore be taken into consideration only 
in determining pressures in kinematic pairs. 

At the same time the infinite number of elementary 
forces of inertia which act in links have to be replaced by 
resultant forces and couples. We shall explain below by 
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what kind of resultant forces and couples all the elementary 
forces of inertia acting in the links can be replaced. 

In replacing the elementary forces by resultant forces 
it should always be kept in mind that there are no actual 
resultant forces either in nature or in engineering: the 
resultant force is an imaginary force which, if it were 
existent and acting by itself, would create the same pres- 
sures on the bearings of the link as are actually developed 
by all the acting elementary forces. 

In determining the resultant force we have to find out 
its magnitude, its line of action and direction. The point 
of application of the resultant on its line of action is of no 
significance in determining the pressures in the link bear- 
ings, since along the line of action the resultant can be 
transferred to any point. This transfer of the point of 
application can influence neither the magnitudes and 
directions of the moments developed by the resultant 
relative to different points of the link, nor the magnitudes 
and directions of the reacting forces in kinematic pairs. 

In certain cases it is convenient to transfer the line 

of action of the resultant by a certain distance parallel to 

itself. Such a transfer will fail to influence the magnitudes 

and directions of the reacting forces in kinematic pairs 

only if the magnitude and direction of the resultant couple 

moment is changed correspondingly. By transferring the 

resultant line of action of the elementary forces of inertia 

in such a manner we can reduce the combined action on 

the link of the force and the couple to the action of only 
one force. 

In determining the magnitudes, directions and lines of 
action of resultant forces of inertia in various types of 
plane motion we shall in future proceed from the assump- 
tion that the moving body has at least one plane of sym- 
metry, I. e. a plane on both sides of which all the forces of 
inertia are located symmetrically. In representing the body 
on the drawing we shall depict the plane of symmetry and 

^ if* u points of the body move on planes 

which are parallel to this plane. Marking on the draw- 
ing the point of application of the elementary force of 
inertia, we shall assume that all the elementary forces of 
inertia acting at points located on the line that is 
perpendicular to the plane of symmetry at this point, are 
transferred parallel to themselves to this point. For 
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example, the body, shown in two projections in Fig. 116, 
will have one plane of symmetry when moving parallel to 
the plane of the drawing in Fig. 116, a or perpendicular 
to the plane of the drawing in Fig. 116, ft. In this case the 


a 



Fig. 116 


elementary force of inertia, 
which is applied at point x 
(Fig. 116, a), should be under- 
stood as the sum of all the 
elementary forces of inertia, 
which act at all material points 
on the line x— x (Fig. 116,6) 
and are transferred parallel to 
themselves on the plane of 
symmetry. Fig. 116, a shows the 


section of a body by plane of 
symmetry, and in Fig, 116,6 the line a— a is the line of 


intersection of the drawing plane with the plane of 
symmetry. 


During the motion of this body in a direction perpendic- 
ular to the drawing plane (see Fig. 116, a), the moving 
body will have no plane of symmetry. 

Determination of the forces of inertia developing dur- 
ing the motion of bodies which have more than one plane 
of symmetry is beyond the scope of the present course. 

The link of a plane mechanism may move with 
translatory motion, rotate about a fixed axis, or perform 
compound motion. In all these cases the force of inertia, 
as explained in the course on theoretical mechanics, is 
equal to the product of link mass on the acceleration of 
its centre of gravity and is directed to the side which is 
opposite to the acceleration of the centre of gravity. 

During translatory motion the line of action of the 
force of inertia passes through the centre of gravity, dur- 
ing rotary motion with variable angular velocity it passes 
through the centre of oscillation, which lies on the extension 
of the line connecting the centre of gravity with the 
centre of rotation, and is at distance from the centre 
of rotation, where i 




where rs is the radius of rotation of the centre of gravity; 
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Js is the inertia moment of the link relative to the 
centre of gravity; 
m is the link mass; 

p is the radius of inertia, which equals \l ~ - 

During rotary motion with constant angular velocity 
the total acceleration of the centre of gravity is equal to 
normal, and therefore the line of action of the force of 
inertia coincides with the radius of rotation of the centie 

of gravity. 

Compound motion of the link can be examined as 
motion with acceleration of any chosen point of the link 

and rotation about this point. In this case the total force Pi 
of inertia is obtained as a geometric sum of two forces — 

force P) of inertia in motion with acceleration of the chosen 

point, and force P} of inertia during rotation of the link 
about this point. By drawing through the centre of gravity 

of the link a line of action of force P] parallel to the 
acceleration vector of the chosen point, and^through the 

centre of oscillation the line of action of force P]' parallel to 
acceleration of the centre of gravity in rotary motion of the 
link about the chosen point, we shall obtain at the point 
of intersection of these lines a point, through which the 

line of action of the total force Pj of inertia passes. The 
vector of this force must be directed parallel to the vector 
of absolute acceleration of the centre of gravity to the side 
which is opposite from the direction of this vector. 

Example. Link PC (Fig. 117, a) performs compound 
motion. Determine the magnitude of the force of inertia, 
its line of action and the direction by the following data: 
1) by mass m of the link; 2) the moment of inertia Js of the 
link relative to the centre of gravity; 3) accelerations aj} 
and dc\ 4) the position of centre of gravity S. 

By given accelerations Ub and dc we plot the accelera- 
tion diagram (Fig. 117, Having determined the position 
of point s on the acceleration diagram by drawing on line 
be the triangle bsc, which is similar to triangle BSC of 
the link andjocated similarly to triangle BSC, we get vec- 
tors bs and cs of relative accelerations. We draw the vector 
7is of absolute acceleration as of the centre of gravity. 
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■ J < • J ^ we consider as motion 

^vltl^ point B and rotation about this point. The total force 

obtained as a result of the geometrical 
addition of the force of inertia in the link motion with point 

B and force P', of inertia at rotation of the link about 
point B. 

The first of the components equals 

P'l = -maB. 

We multiply the link mass by acceleration Qb, but not 
by acceleration as, since in translatory motion with point B 
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the accelerations of all points of the link, including also 
the acceleration of the centre of gravity, are equal to the 
acceleration of point B, 

Force P) must be applied in the centre of gravity. 
Without calculating the magnitude of this force we draw 
through centre of gravity S a line of its action parallel 

to vector nb of acceleration Ub (Fig. 1 17, b). 

The second component equals 

P)' =-masu. 

This force must be applied in the centre of oscillation O 
(Fig. 117, a), which is located on the extension of line BS 
at distance Iso from point S, which equals 



where Ibs is the length of segment BS. 

Without calculating the magnitude of force PJ , we draw 

through centre of oscillation 0 the line_^of action of this 

force parallel to vector bs of acceleration_ asu. 

The lines of action of forces P/ and Pj intersect at point 
T. In order to obtain the magnitude, direction and point 

of application of the resultant Pi we would have to transfer 
the vectors of these forces along the Hires of their action 
up to point r, which we obtained without calculating the 
vector lengths. Having determined the point of application 

of the resultant P/, we draw the vector of this force from 

point T parallel and opposite in direction to vector ns 
(Fig. 117,6) of absolute acceleration ds of the centre of 
gravity. The magnitude P/= —mas> 


The line of action and the direction of force P/ we 
obtained in Fig. 117, a, having resolved the compound mo- 
tion of link BC into translatory motion together with point 
B and rotary motion about point B. By resolving the 
compound motion of link BC into translatory motion 
together with point C and rotary motion about point C, 
we get centre of oscillation Oi on the extension of line CS 
(Fig. 117, c) at distance Iso^ from the centre of gravity 5, 

which equals 


so. — 


ml 


CS 
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By drawing through point 5 line of action of 

acceleration dc parallel to vector nc of the acceleration 
diagram and through point 0, tjie line of action of 

acceleration a, sc parallel to vector cs, we get point r, of 

their intersection on the same line of action of force Pj, 

which w'as also obtained in the previous construction in 
Fig. 1 17, a. 

If we take instead of points B and C any other point 
connected with link BC (e.xcept the centre of gravity), we 
obtain the point of intersection of the lines of action of 

— r —ft 

forces P/ and F/ in a new place, but on the same line of 
action of force Pi as in the other two constructions. But 
if the motion of link BC were resolved into translatory 
motion with the centre of gravity and rotation about the 
centre of gravity, then all the elementary forces of inertia 
could not be reduced to only one resultant. In this case 
force P'^ = —mas = Pi must be applied to the centre of 

gravity and force P'^ is zero, since during rotation about 

the centre of gravity the elementary forces of inertia, as 
explained in the course on theoretical mechanics, apply only 
to a couple with moment /ge, where e is the angular 
acceleration of the link. 

Angular acceleration e of link BC can be determined by 
resolving acceleration Ucn (vector be in Fig. 117, fe) into 
normal acceleration als (vector bn in Fig. 117,6, which 
is parallel to link BC) and tangential acceleration 
(vector nc in Fig. 1 1 7, 6, which is perpendicular to link BC) 
and taking into consideration 

where pa is the scale of the acceleration diagram, and Ibc 
is the length of link BC. 

The direction of the angular acceleration is found by 

transferring vector nc parallel to itself at point C in 
Fig. 117, a; by joining point n of the vector with point C 
in Fig. 117, a we obtain the counter-clockwise direction of 
the angular acceleration. 
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29. DETERMINATION OF PRESSURES IN KINEMATIC PAIRS 

Since every mechanism of class I order 2 comprises a 
mechanism of class I order 1 and one or a number of two- 
arm groups connected to it in succession, determination 
of pressures in pairs should be carried out by separating 
the two-arm groups in succession, beginning with the last 
one attached. In determining the pressure in pairs of 
individual groups the action of links in destroyed joints 
is replaced by forces. Thus, for instance, if we have to 
determine the pressure in pairs of an eight-link mecha- 
nism, as shown in Fig. 118, it is necessary to begin with 
the last group attached, group After determin- 

ing the pressure in the pairs of this group and subsequently 
replacing the action of links and by links BC 

and B'C' with forces, which are applied in points B"^and 
D", it is then necessary to proceed to group B'C'D'. In 
determining the pressures in the pairs of this group, besides 
the specified forces, attention should be paid to the force at 
point D" from the side of link C"D" of the previous group. 
After separating group B'CD' pressures in the pairs of 
the separated group BCD must be determined with con- 
sideration of the forces in points B” and B' from the side of 
the links of the previous groups. 

After separating the group BCD and determining the 
pressures in the pairs of this group it is necessary to 
examine crank AB. After applying at point B of this link 
the force with which link BC acts on crank AB, it only 

remains to determine the 

magnitude of the moment ^ 

which has to balance the c‘ 

action of link BC on the q-J c 

crank and determine the \ 

pressure in the last pair A. \ \ 

Thus the task of determin- j \ \ , 

ing the pressure in pairs of Ajk ^ 

even a compound mechanism 
of class I order 2 comes 
down to the determination of 

pressures in pairs which are separated in succession 
from a mechanism of two-arm groups. Determination of 
pressures in pairs of a two-arm group does not create 
difficulties, since a group with two links and three lower 
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pairs is a system which is determinable from the static point 
of view, because in order to determine six unknown (two 
unknown in every kinematic pair) six equations of 
equilibrium can be used (three equations for each of the 
two links). For each of the lower pairs we have the follow- 
ing two unknown; for a turning pair the point of applica- 
tion of the force (the joint centre) is known, but the magni- 
tude and direction of the force are unknown; for a sliding 
pair the direction of the force (perpendicular to the 
directrix) is known, but the magnitude and point of 
application of the force are unknown. 

Determination of pressures in pairs of a two-arm group 
is performed simply by the method of diagrams of forces. 
Let us examine how this method is used in determining 
pressures in pairs of a group with three turning pairs 
and a group with two turning pairs and one sliding pair. 

A. A Group with Three Turning Pairs 

If several forces and several couples act on a link, all 
the forces and couples can be reduced to one force and 
one couple by addition. If the link is under the action of 
force P and couple with moment Af, then the action of the 
couple and the force on the link can be replaced, as we 
know from theoretical mechanics, by the action of one force. 

In determining the magnitude, line of action and direc- 
tion along the line of action of which all the forces and 
couples, including the forces of inertia, have been consid- 
ered, we shall therefore in future make the general assump- 
tion that each of the links in a group is under the action 
of one force. 

Denoting by P 2 (Fig. 119, a) the force which acts on 
link BC, and by P 3 the force that acts on link CD, we will 
determine the pressures in pairs B, C and D. The index 
of letter P indicates the link number on which the external 
specified force acts. The force from one link onto the 
other we shall denote by letter P and two indices, the first 
to indicate the number of the link from which the force 
is acting, and the second to indicate the number of the 
link which is under action. 

For example, P 2 Z denotes the force from link 2 onto 
link P 32 denotes the force from link 3 onto link 2. We ,^, 
assume the group to be connected at point B with link / 
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which is not shown in the figure, and at point D with link 
4 , and we shall accordingly denote the forces at points B 
a’ndD by P12 and P43 or P21 and P34, depending from the 
side of which links the action of forces is to be examined. 

Being incorporated in the mechanism, the group BCD 
is in motion, but since in determining forces P2 and P3 
the forces of inertia were considered and transferred 
conditionally to the links of the group, it follows that at 
the moment corresponding to the position of the group, as 
shown in Fig. 119 , a, the group can be considered, in 
accordance with d’Alembert’s principle, as being in 


f 
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equilibrium under the action of all external forces. The 
group is under the action of four forces: two active forces 
P2 and P3, and two reacting forces P12 and 

If a flat system under the action of external forces is 
in equilibrium, the vectors of these forces, which are joined 
in succession to one another, form, as we know, a closed 
figure; in this closed figure any vector is the vector of a 
force which balances the action of the other forces. The 
closed figure formed by the vectors which are in 
equilibrium of forces is called the diagram of 
forces. 

We cannot plot immediately the diagram of forces for 
group BCD, since we do not know the magnitudes and 
directions of the reacting forces P12 and P43, but this 
difficulty can be overcome as follows. 

Without knowing the magnitudes and directions of 
force P12, we can determine the component of this force 
in the direction perpendicular to link BC, Denoting 
this component by and by P'l^ the component in the 
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direction along link BC, we determine the magnitude of 
force PJ2 from the equation of moments relative to point C: 

since the moment of force directed along link BC is 

zero, the moment of force P2 is balanced only by the 
moment of force Pf^. Therefore 


P {2 ^Bc — P 2^2 


whence Pj%=P2 , where h2 is the arm of force P2, 

^BC 

which is determined according to the drawing. 

The moment of force P2 tends to rotate link BC about 
point C counter-clockwise, therefore the moment of force 
rnust be directed clockwise and, consequently, force 

Pj'o must be directed perpendicular to link BC upwards. 

By resolving force P43 to force PJ3, which is directed 

perpendicular to link CD, and force PJ3 , directed along 

link CD, from the equation of moments relative to point C 
we get 



where hz is the arm of force P3, which is determined accord- 
ing to the drawing. 

After resolving each of the forces P12 and P43 into two 
components and determining the magnitudes and direc- 
tions of forces Pj"2 and P^3 we get six forces under the 

action of which group BCD must be in equilibrium. The 

vectors of four of these forces, P2, P3, P?2» 

known in magnitude and direction, but the vectors of forces 

P^2 andPj^ are known only by the lines of action. Having 

these data we can plot the diagram of forces in accordance 
with the following vector equation: 

B- + P3 + P43 + P«3 + ^?2 + ^f2 = 0- 

Plotting can be done in the following manner (Fig. 

1 . Starting from arbitrary point f in the drawing, which 
we shall term the pole of the diagram, we draw in succes- 
sion the first three compon_ents of the vector equation, i.e. 

we join vectors P2, P3 and PJ3 in succession to one another. 
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2 . Since the magnitude of force P^z is unknown and 
only its line of action is known, we draw from the terminus 

of the last vector, vector Plz, the line of action of vector 

P43; this line must be parallel to link CD and therefore 

perpendicular to vector P 43 - 

3 . Since we are unable to continue plotting the dia- 
gram of forces in the order that we have chosen, i.e. the 
order which is determinable by the order of components 
of the vector equation, we proceed t^o the end members of 

the equation and draw the vector Ph; since this vector is 
the last one in the equation and must therefore close the 
figure, we direct the vector arrow to the pole. 

4 . The last vector but one in the equation, Pi*2» is 
known only by the line of action, therefore from the origin 

of vector Pi^2 we draw the line of action P'12 parallel to 

link BC or perpendicular to vector P^2, which is the same 
thing. 

Since the group BCD is in equilibrium, the vectors must 
form a closed figure, therefore the point of intersection of 

the lines of action of vectors P43 and Pi2 is the terminus 

of vector P43 and the origin of vector Pn - In this way 

the unknown magnitudes of forces P12 and P43 are 
determined. 

The pressure in pair B from the side of the first link 
onto the second is_obtained ^s a result of the geometrical 

addition of forces P?2 and P12 ; we will get the resultant 
vector of these forcesJ)y joining on the diagram of forces 

the origin of vector Pr2 with the terminus of vector P12 
and placing on the segment obtained an arrow opposite 

to the arrows of vectors Pi*2 and P/2 . 

The pressure in pair D will be obtained as a result of 

the geometrical, addition of vectors P« and P'^ : the line 
that joins the terminus of the last of these vectors with the 
origin of the first, and the arrow, which is directed 
opposite Jo the arrows of the added vectors, is the vector 
of force P43. 

Both external forces P2 and P3 and reacting forces P12 
and P43 which act on group BCD must form a closed figure 

9 — 1115 
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with arrows in one direction; this is in fact what happens 
on the diagram of forces that we have plotted. 

Having plotted the diagram of forces we have still 
not found on it the pressure in pair C because the force 
which acts from the side of one link on the other is not 
an external force acting on group BCD, since inside the 

group force P23 is balanced by force P32 which is equal to 
it and is oppositely directed. In order to determine the 
magnitude and direction of the force with which one of 
the links in the group presses on the other link, it 
is necessary to plot a diagram of forces for any one of the 
links. 

Link BC is in equilibrium under the_ action of three 

forces: P2, P\2 and as yet unknown force ^32- The diagram 
of forces for link BC should represent a triangle, which 
4S formed by the vectors of these forces. Since we have 
plotted the first two vectors on the diagram of forces we 

can also draw vector P32 on the same diagram, joining 

the terminus of vector P2 with the origin of vector P12 and 
placing an arrow on the segment obtained, the arrow beiiig 

turned in the same direction as the arrows of vectors P2 

and Pi2- By turning vector P32 through 180°_we shaU get 

vector P23. We shall obtain the same vectors P23 and P32 in 
examining the equilibrium of one link CD. 

In plotting the diagram of forces it is expedient to 
draw the vectors in the same order as has been indicated 
above. It can easily be seen that if we join to the terminus 

of vector P3 vector P12 instead T of vector P 43 and the 
latter vector to pole f, then for determining the pressure 
in pair C we shall have to plot a separate diagram of forces 

for any one of the links. 


B. A Group with Two Turning and One Extreme 

Sliding Pair 

This group (Fig. 120, a) is incorporated in a slider 
crank mechanism, which, as stated above, is widely app 

^Denoting by P2 the force which acts on the second link 
(link BC) and by P3 the force which acts on the third 
link (slider), we shall determine the pressures m pairs 
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B, C and in sliding pair CC^, where Cx is the point on 
fixed directrix x—x, which belongs to the fixed fourth link 
not incorporated in the group. 

Forces P2 and P3 are given and are therefore known 
in magnitude, lines of action and direction along the 
lines of action. Reaction P12 in pair B is unknown both in 
magnitude and direction, but the point of its application 
is known. Reaction P43, i- e. the force from the side of the 
directrix on to the slider, can be directed only along the 
perpendicular to the directrix; its magnitude and point of 
application are unknown. 
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By resolving force P12 into forces Ph and P'n and by 

determining the magnitude and direction of force P12, as 
we did above, from the condition of equilibrium of the group 
we get the vector equation 

P2 + P3 + P43 + P?2-HP{2 = 0, 

in which the first, second and last vectors are known in 
magnitude and direction, whereas the third and fourth are 
known only in direction. 

We plot the diagram of forces in the following order 
(Fig. 120,6): * 

1) we draw vectors P2 and P3 from pole /; 

2) from the_terminus of vector P3 we draw the line of 
action of force P43 perpendicular to the directrix x — x\ 

3) to the origin of vector P2 (point f) we join vector 
P12; the arrow of this vector must be turned to the origin 
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of vector P2 (point f), since this last vector in the equa- 
tion must close the figure; 

4 ) to the origin of vector Ph we join the line of action 

of force P12 perpendicular to vector P'12. 

_ At the point of intersection of the lines of action vector 

P43 ends and vector P12 begins. 

We obtain vector P12 (pressure in pair B) by joining 

the origin of vector P'12 with the terminus of P12 . On the 
segment obtained the arrow must be placed opposite to 

the arrows of both vectors. Vector P43 is the vector of force 
from the side of the directrix to the slider. 

The pressure in pair C can be determined, as indicated 
above, from the condition of equilibrium of link BC or the 
slider. 


C. Combined Static 
and Inertia-force Analysis of a Crank 


After determining the pressures in pairs of driven links 
of the mechanism we determine the magnitude and direc- 
tion of force P21 with which the link connected to the crank 
acts on the crank. 

In most cases the power that is consumed by a mecha- 
nism is supplied from the engine to shaft A (Fig. 121 ) 
of the crank, so that on the one hand, the crankshaft must 
be in equilibrium under the action of moment from the 
engine and the resultant moment of all the external forces 


applied to the crank, including force P21. on the other. If 

the crank is under the action of only force 

P21 and the centrifugal force of inertia is 
conditionally transferred to it, the moment 
from the side of the engine will be equal 

to M=-P2\Xh2u where /z2i is the arm of 
force P21. 

In determining the pressure in pair A, 

i. e. force P41 from the side of the fixed 
(fourth) link onto the crank (first link), 
vector P21 must be drawn on the diagram of forces, and the 
vectors of all the given forces which act on the crank and 
the force of inertia must be conditionally transferred onto 
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the crank. The vector of force 
mined, must join the . terminus 
with the origin of the first. 


P41, which is to be deter- 
of the last of the vectors 


D. Numerical Examples of Kinematic Analysis and of 
Combined Static and Inertia-force Analysis 

Example 1 . Determine the pressures from the forces of 
inertia in the kinematic pairs of the four-bar mechanism 


dO^m/seomm 


Q.002m/mm 
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in the position, as shown in Fig. 122, a, given the following 
data: 

1) the lengths of links: 

/AB = 50mm, /bc= 120 mm, /cd= 100 mm, Iad=\20 mm; 

2) the positions of centres of gravity 5 of the links: 

I AS =20 mm, /bs =60 mm. Ids =50 mm; 

A ♦ B ^ 

3) moments of inertia J of the second and third links 
relative to the axes which pass through the centres of 
gravity: 

•^2 = /3 = 5x 10“^ kgXmXsec^; 

4) weights G of the links: 

G, = 1.5 kg, G2 = 3 kg, G3 = 2.5kg; 

5) the number of revolutions of crank AB, which ro- 
tates counter-clockwise with constant velocity n = 300 r.p.m. 

The number of links is indicated in Fig. 122, a. 

We shall determine the pressure in pairs by the method 
of diagrams of forces. In order to plot the diagrams of 
forces it is first necessary to determine the magnitudes, 
lines of action and directions along the lines of action of 
the forces of inertia in the links. In order to determine the 
forces of inertia it is necessary to plot the acceleration 
diagram, while in order to obtain the data required to plot 
this diagram it is necessary to plot the velocity diagram. 
The graphic calculation must therefore be started by 
plotting the velocity diagram. 

I. VELOCITY DIAGRAM 

Absolute velocity of point B: 

Vb — IabXWi = 0.05 mX sec'' = 1.57 m/sec. 

30 

Choosing the scale p„ = 0.04 m/sec X mm, we determine 
the length of vector pb of velocity Vb: ' 

pb = Vb/iiv = 1 .57 •m/sec/0.04 m/sec X mm = 39.25 mm. 

We determine the velocity of point C by two vector 
equations: 

Vc — Vb+^CB\ 
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In accordance with the first equation we draw vector 
perpendicular to AB from pole p downwards and to the 
left (Fig. 122,6), and from the terminus of this vector we 

draw the line of action Vcb perpendicular to BC. 

In accordance with the second equation we place the 

terminus of vector pd of velocity Vu at the pole, since 
Vd — 0. Then from the pole we draw the line of action of 

velocity Vcd perpendicular to CD. At point c, the point of 
intersection of the lines of action, we get the terminus 

of vector pc of velocity Uc- The velocity diagram thus 
assumes the shape of triangle pbc. 

Using the velocity diagram we determine the velocity 
magnitudes which are required for plotting the accelera- 
tion diagram: 

VcB = bcX\iv= 10 mmX0.04 m/secXmm = 0.4 m/sec, 
vcD=pcX[iv = 33 mmX0.04 m/secXmm= 1.32 m/sec. 


2. ACCELERATION DIAGRAM 

We determine the magnitudes which are required for 
plotting the acceleration diagram: 

cib = ci^ =u| IIab= (1.57 m/sec)2/0.05 m = 49 m/sec^; 

— (0-^ m/sec) 2/0. 12 m= 1.3 m/sec^; 

^CD ( * -32 m/sec) 2 / 0 . 1 m = 1 7,4 m/sec^. 

Choosing the scale pa=l m/sec^Xmm, we calculate the 
lengths of the vectors: 

Ji6 = nzj/pa = 49 m/sec2/l m/sec^ Xmm = 49mm; 

= m/sec2/l m sec^xmm^ 1.3 mm; 

= /pa= 17.4 m/sec^/l m/sec2Xmm= 17.4 mm. 

We determine the acceleration of point C by two vector 
equations: 

dc = ^ B + ^ 
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In accordance ^th the first equation we draw 

(Fig. 122, c) vector nb parallel to AB, directing it from 
the pole downwards and to the right, since the acceleration 
of point B in the mechanism is directed from point B to 

point A. From point b we draw vector bricB, directing it 
parallel to BC downwards and to the left, since accelera- 
tion is directed in the mechanism from point C to 

point B. From point Hcb we draw the line of action of 
acceleration 

In accordance with the second equation we place the 

terminus of vector nd at the pole, since acceleration Od of 

fixed point D is zero. From the pole we draw vector nrico 
parallel to CD, directing it upwards and to the left, since 
acceleration is directed in the mechanism from 

point C to point D. From point rico we draw the line of 
action of acceleration up to its intersection with the 

line of action of acceleration at point c. 

By joining point c with points n and b we get the accel- 
eration diagram in the form of triangle nbc. 

In order to determine the accelerations of the centres 
of gravity of the links we first determine the positions of 
points S|, S 2 and S 3 on the vectors of the acceleration 
diagram: 




Us, 


20 

JlS] = 

II 

X 

Ub 

= 49X 

bO 





60 

nS2 = 

= bcX 

2 

Ibc 

= 76X 

120 



Ids, 

= 53X 

50 

nS3 = 

= ncX 

Idc 

100 


= 19.6 mm; 
= 38 mm; 
= 26.5 mm 


By drawing vector n52 we get its length as 34.5 mm 
Accelerations of the centres of gravity: 

Os, = ns X Pa = 1 9.6 mm X 1 m/sec^ X mm = 1 9.6 m/sec^; 
as =ns X Pa = 34.5 mm XI m/sec2Xmm = 34.5 m/sec^; 
as=ns X Pa = 26.5 mm XI m/sec 2 Xmm = 26.5 m/sec^. 
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3. FORCES OF INERTIA 


t 

The masses of the links: 

mi = 1.5 kg/9.8 m/sec2 = 0.153 kgXsec^/ni; 
m 2 = 3 kg/9.8 m/sec2 = 0.306 kgXsec^/m; 
m3==2.5 kg/9.8 m/sec2”0.255 kgXsec^m. 

The magnitudes of the forces of inertia: 

Pi = miXcis^ = 0. 1 53 X 19.6 = 3 kg; 

P 2 = m 2 X as, =0.306X34.5= 10.6 kg; 

Pz = mzXcis =0.255X26.5 = 6.75 kg. 

0 

Acceleration of the centre of gravity Si of link AB, 

which rotates with constant velocity, is directed aj^ong 

line AB to the centre of rotation. The force of inertia Pi is 
therefore directed along line AB upwards and to the left, 
i. e. to the side which is opposite to acceleration dg^. The 

vector of force Pi in Fig. 122, a is not drawn. 

Link BC performs compound motion, which we consider 
as translatory motion with acceleration of point P_and 

rotary motion about that point. The force of inertia P 2 of 
link BC we therefore obtain as the geometric sum of two 
forces: force of inertia Pg in translatory motion and force 

of inertia P^ in rotary motion. Since in translatory motion 

of the link the accelerations of all of its points are equal 
and parallel, then P'^ =m 2 Xas, where is the accelera- 
tion of the centre of gravity S 2 in translatory motion with 
point B. Force Pg =^ 2 X 05 ^ 3 , where us^b is the accelera- 
tion of the centre of gravity S 2 in rotary motion. The line 
of action of force P 2 passes through the centre of gravity S 2 , 

the line of action of the force P 2 passes through the 
centre of oscillation O 2 , which is located at distance /bo, 

from the centre of rotation, i. e. point B, where: 

BO, BS,+ 0.306X 0.06 

= 0.06 m-l-0.027 m = 87 mm. 
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We obtain at the ^int of intersection the point of 
application of resultant P' by drawing through point S 2 the 

line of action of force P '^ , which is parallel to vector ^ 
of the acceleration_diagram, and through point O 2 the line 


of action of force P'', which is parallel to vector bsz. The 

magnitude of P 2 has alrea^ been determined, its line of 

action is parallel to vector ^^2 of acceleration and the 

direction along the line of action is opposite to accelera- 
tion Gc . 


Linl^CP performs rotary motion with variable velocity. 

Force ^ is directed along the line of action parallel to 

vector jtSa of acceleration Gg^ to the side which is opposite 

to this acceleration. The point of application of force P 3 is 
the centre of oscillation O 2 , which is located at a distance 
/nOg from the centre of rotation, i. e. point D, where; 



h t I 5xi0~^ _ 

m^Xlos, “ 0.255X0.05 “ 


= 0.05 m + 0.039 m = 89 mm. 


4. PRESSURES IN KINEMATIC PAIRS 

The external forces which act on group BCD must 
satisfy the vector equation 

^2 + ^3 + ^ 43 + ^ 12 = 0. 

We cannot plot the diagram of forces in accordance with 

this equation, since forces P 43 and P 12 are known only by 
their points of application, while their magnitudes and 
directions are unknown. We therefore resolve each of these 
forces into a tangential component, which is directed per- 
pendicular to the link, and a normal component which is 
directed along the link. In this case the vector equation is 
expressed as follows: 

P2 + P3 + P^^+P^+P?2 + Pi2-0- 

We determine the magnitude of from the equation 

of the moments of the forces acting on link CD relative to 
point C. The moments of forces P 23 and P^ are each zero, 
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since the lines of action of these forces pass through 
point C; therefore the equation of moments is obtained 
in the form 

= ^CDj 

where hz is the arm of force P 3 . which is determined by 
the drawing (Fig. 122, a). Since the length of /13 equals 

10 mm, the force P 43 is equal to 

P 43 = P 3 X/ 23 //cd = 6.75 kgXlO mm/100 mm = 0.675 kg. 

We determine the magnitude of Ph in a similar manner 
from the equation of the moments of the forces, acting on 
link BC, relative to point C; 

= C 2 Xh 2 llBc— 10.6 kgX24 mm/120 mm = 2.12 kg. 

Choosing the scale pp = 0.4 kg/mm, we determine the 
lengths of the vectors of forces: 

P 2 = 10.6 kg/0.4 kg/mm = 26. 5 mm; 

P 3 =6.75 kg/0.4 kg/mm= 16.9 mm; 

PI 3 = 0.675 kg/0.4 kg/mm = 1 .69 mm; 

Pi ^2 = 2.12 kg/0.4 kg/mm = 5.3 mm. 

We plot the diagram of forces: we draw the vectors of 
forces P 2 and P 3 (Fig. 122, _d), then from the terminus of 
the latter we draw vector P«> directing it perpendicular 
to CD upwards and to the right, since by directing it so the 
force P 43 creates a moment which counteracts the moment 
of force P 3 relative to point C; from the terminus of vec- 
tor P 43 we draw the line of action of force P 43 parallel 
to CD. Since we cannot join the vector P 43 whose length 
is as yet unknown, with the vector P 12 we join to vec- 
tor P 2 the vector Ph, the last one in the equation, direct- 
ing it perpendicular to BC downwards and to the right, 

since in so directing it a moment is created by force P 12 
which counteracts the moment of force P 2 relative to 
point C. From the origin of vector P 12 we draw the line 
of action P 12 up to its point of intersection with the line of 
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action joimng the point of intersection of the lines 

of action P43 and P12 with the origin of vector P2 and the 
terminus of vector P 3 we get the diagram of forces, which 
corresponds to the vector equation 

^2 + ^3 + ^ 43 + P 12 = 0. 

After measuring the lengths of vectors P 12 and P 43 , we 
get 

pressure in pair B Pi 2 = 50 mmXO.4 kg/mm = 20 kg; 

pressure in pair D ^43 = 26 mmXO.4 kg/mm= 10.4 kg. 


In order to determine the pressure in pair C it is 
necessary to plot the diagram of forces for link BC or CD. 
The diagram of forces for link CD should be plotted by the 
vector equation 

P 3 + P 43 “bP 23 = 0. 

The first two vectors in Fig. 122, d are already drawn; 

it remains to draw vector P 23 which closes the triangle 
of forces. After drawing this vector and measuring its 
length, we get pressure in pair C 

^23 = 25 mm X 0.4 kg/mm = 10 kg. 


The diagram of forces for the crank should be drawn 
by equation 


P I +P 21 + P 41 — 0. 


A\tev drawing vectors Pi and P 21 (force P 21 is equal to 

force P 12 and is opposite in direction), and after joining 
the origin of the first of them with the terminus of the 

second, we get the vector of force P41. After measuring the 
length of this vector, we obtain pressure in pair A 

P 4 i = 56 mmXO.4 kg/mm = 22.4 kg. 

Example 2. Determine the pressures in the kinematic 
pairs of the slider crank mechanism in the position, as 
shown in Fig. 123, a, given the following data: 

I) the lengths of links /ab = 60 mm, Ibc— 190 nim; 
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2) the positions of the centres of gravity S of the 
links; /as, = 30 mm. /bs, =50 mm; the centre of gravity 

of the slider is at point C; 

3) the moment of inertia of connecting rod BC relative 
to the centre of gravity y 2 = 5XlO-‘ kgXmXsec^; 



Fig. 123 
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G ^ <^2=2.94 kg, 

5) the number of revolutions of crank AB, which 
rotates clockwise with constant velocity, n = 382 r. p. m. 

The number of links is shown in Fig. 123, a. 


1. VELOCITY DIAGRAM 

Absolute velocity of point 5; 

^’B = /AijX(Oi = 0.06 m ^l^sec"' =2.4 m/sec. 

We plot the diagram to the scale pu = 0.05 m/secXmm. 
The length of velocity vector Vb 

pb = VBl\Xv = 2A m/sec/0.05 m/secXmm = 48 mm. 

We determine the velocity of point C by two vector 
equations: 

Vc = Vb~\-Vcb\ 

A-^ccx • 


In accordance with the first equation we draw vector pb 
perpendicular to AB from pole p downwards and to the 
right (Fig. 123, b) and from the terminus of this vector we 

draw the line of action Vcb perpendicular to BC. 

In accordance with the second equation we place the 

termihus of vector pCx of velocity Ucx of the fixed point Cx, 
which lies on the directrix x — x, at the pole, since Vcx = ^'^ 
we then draw from the pole the line of action of veloc- 
ity Vccx parallel to the directrix. At the point of intersec- 

tion of the lines of action we get the terminus of vector pc 
of the velocity of point C. We get the velocity diagram in 

the form of triangle 

Using the diagram constructed we determine the 
magnitude of velocity Vcbj which is required for plotting 
the acceleration diagram: 

t;cB = 6cXpt, = 25 mmXO.05 m/secXmm= 1.25 m/sec. 

H2 



2. ACCELERATION DIAGRAM 


We determine the magnitudes which are required for 
plotting the acceleration diagram: 

aB^a'‘g = vlllAB= (2.4 m/sec) 2/O.O6 m = 96 m/sec^; 

= (1-25 m/sec) 2/0. 19 m = 8.2 m/sec^. 

Choosing the diagram scale Pq = 2 m/sec^Xmm, we 
calculate the lengths of the vectors: 

nfc = aB/|Ta = 96 m/sec2/2 m/sec2Xmm = 48 mm; 

bncB = acB /M-a = 8.2 m/sec2/2 m/sec2xmm = 4.1 mm. 

We determine the acceleration of point C by two vector 
equations: 

Oc = + a + Qcc,. 

In accordance with the first equation we draw 

(Fig. 123, c) the vector nb parallel to AB, directing it from 
the pole downwards and to the left, then from point b the 

vector bticB parallel to BC downwards and to the right. The 

magnitude of acceleration dcs is as yet unknown, there- 
fore we draw from point tics the line of action of this 
acceleration perpendicular to BC. 

In accordance with the second equation we place the 

terminus of vector nc,, which is zero, of acceleration Uc of 

X 

the fixed point Cx at the pole. 

Normal acceleration of point C, which moves 

along a rectilinear path, is also zero, since the radius of 
curvature of the path is infinity. Acceleration is 

known only by its line of action, which is along the direc- 
trix. By drawing from the pole a line of action of this 
acceleration parallel to the directrix up to its point of 

intersection with the line of action dcs , we get point c and 

vector nc of acceleration Oc- We get the acceleration 
diagram in the form of triangle nbc. 
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In order to determine the accelerations of the centres 
of gravity of the links we first have to determine the 
positions on the diagram of points s, and Sz, the vector 

termini of absolute accelerations flg and Oq : 


ns, = noX — 

^AB 


o 30 

= 48X ^ =24 mm; 


bs2 = bcx 



= 41.5X 


50 


= 9 mm; 


nS 2 = 39 mm; jtc= 17 mm. 


Accelerations of the centres of gravity; 


jiS 2 = 39 mm; jic=17 mm. 
fls, = X Ha = 24 mmX2 m/sec2xmm = 48 m/sec^; 
Gs, =JiS2Xpa=39 mmX2 m/sec2xmm = 78 m/sec^; 
Gc = ncXpa =17 mmX2 m/sec2xmm = 34 m/sec^. 


3. FORCES OF INERTIA 

The masses of the links: 

mi = 1.57 kg/9.8 m/sec2 = 0.16 kgXsecVm; 
m 2 = 2.94 kg/9.8 m/sec2 = 0.3 kgXsecVm; 
m 3 = 4.9 kg/9.8 m/sec2 = 0.5 kgXsecVm. 


The magnitudes of the forces of inertia: 

T*i = mi XGs, =0.16 kgXsec7mX48 m/sec2 = 7.7 kg; 
Pz^mzXas^ =0.3 kgXsec2/mX78 m/sec2 = 23.4 kg; 
P 3 = m 3 Xac = 0.5 kgXsec7mX34 m/sec2=17 kg. 


The force of inertia P\ is directed along the line of 
action of acceleration as in the opposite direction to that 

of the acceleration, i. e. in Fig. 123, fl, along link AB 
upwards and to the right. The vector of this force is not 
drawn in Fig. 123, a. 
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By resolving the compound motion of link BC into 
translatory motion with acceleration of point B and rotary 
motion about this point, we get the total force of inertia 
as the geometric sum of two components: the force of 

inertia Pg in translatory motion, and the force of inertia 

—‘♦I 

P2 in rotary motion. The line of action of force P2 passes 

through the centre of gravity ^2 parallel to vector nb of the 

acceleration diagram, since in translatory motion with 

point B the acceleration of the centre of gravity is equal to 

_ • *0 

the acceleration of point B. Force Pi passes through the 
centre of oscillation O2, which is located at distance Ibo^ 
from the centre of rotation, i. e. from point B, where: 



h 

ffl2X/flS2 



5X10 -^ 

0.3X0.05 


= 0.05 m + 0.033 m = 83 mm. 


- 0^ . 

The line of action P2 is parallel to vector bs2 of the 
acceleration of centre of gravity 52 in rotary motion about 
point B. _ 

At the intersection of the lines of action of forces P^ 

and P'l we get a point through which the line of action 

of the total force of inertia P2 passes. The line of action 

of this force is parallel to vector J1S2 of acceleration ds^ 

of the centre of gravity in compound motion of link BC. 
The magnitude of force P2 has already been determined. 

Force P3 passes through point C and is directed along 
the line of action of acceleration d^ in the opposite direc- 
tion. 


4. PRESSURES IN KINEMATIC PAIRS 

After resolving force P12 into normal and tangential 
components we plot the diagram of forces for the group 
BCCx in accordance with the vector equation 

P2 + P3 + P43 + P \2 + P12 = 0. 

We determine the magnitude of force P12 from the 
equation of moments of forces relative to point C, which 

act on link BC. The moments of forces P32 and Pn are 

10 — 1115 
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zero, because the lines of action of these forces pass 

through point C. The arm of force Pn is equal tO' 

fi?c= 190 mm; the arm /i 2 of force P 2 which is determined 
by the drawing (Fig. 123, a) equals 141. The force 

Pi^ 2 will equal 

Fi 2 = P 2 X/z 2 /^i 3 c = 23.4 kgX 141 mm/190 mm= 17.5 kg. 

Choosing the scale p,p = 0.5 kg/mm, we calculate the 
lengths of the vectors of the forces 

P 2 =23.4 kg/0.5 kg/mm = 46.8 mm; 

Pz =17 kg/0.5 kg/mm = 34 mm; 

Pi 2 = 17.5 kg/0.5 kg/mm = 35 mm. 

We draw (Fig. 123, d) the vectors of forces P 2 and P 3 
and from the terminus of the last vector the line of action 

of force P 43 perpendicular to the directrix, since only along 
this line of action can the directrix pr^s on the slider. After 

we have drawn the vector of force P’h perpendicular to. 
BC downwards to the left to the origm of vector P 2 , since 
by this direction the moment of force P 2 is balanced by the 
moment of force P{ 2 , we draw from the origin of vector 
PI 2 the line of action of force Pu up^ its point of intersec- 
tion with the line of action of force P^. We get the vectors 

of forces P \2 and P 43 by joining the point of intersec- 
tion of the lines of action with the origin of the vector 

of force P 2 - 

After measuring the lengths of the vectors, we get: 
the pressure in pair B ^12 = 64 mmXO.5 kg/mm = 32 kg; 
the pressure in the sliding pair ^* 43 = 19 mmX 

X0.5 kg/mm= 9.5 kg. * 

The pressure in pair C can be determined according to 
the diagram of forces, which is plotted by the vector equa- 
tion for the slider, 

P 3 + P iz + F 23 = 0 . 

The first two vectors in Fig. 123, d are_already drawn. 

Closing the triangle of forces by vector P 2 Z and measur- 
ing the length of this vector, ive get 
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pressure in pair C P 23 = 39 mmXO.5 kg/mm=19.5 kg. 
The pressure in pair A can be determined according to 
the diagram of forces for crank AB, which is plotted by 
the vector equation 


Pi +P 21 +P 41 — 0. 


The magnitude and direction of force Pi have^already 

been determined. Force P 21 is equal to force P 12 and 
opposite to it in direction. By drawing the vectors of these 

forces (Fig. 123,^) and closing the triangle by vector P 4 ], 
we get the pressure in pair A P4i=76 mmXO.5 kg/mm = 
= 38 kg. 

Example 3. Determine the pressures in the kinematic 
pairs, the angular velocity and angular acceleration of link 
EF of the six-link mechanism in the position, as shown in 
Fig. 124, a, given the following data: 

1 ) the lengths of the links: /ab = 50 mm, /bc= 180 mm, 
/bd= 120 mm, /d£:= 180 mm, Zef =100 mm, /af = 250 mm; 

2 ) the positions of the centres of gravity S of the links: 
/as, =25 mm, /bs, = 90 mm, =90 mm, =40 mm; the 

centre of gravity of the slider is at point C; 

3) weights G of the links: Gi = 1.96 kg, G 2 = 5.88 kg, 
G 3 = 9.8 kg, G 4 = 3.92 kg, G 5 = 2.94 kg (the number of the 
links is indicated in Fig. 124, a); 

4) the moments of inertia J of the links relative to their 
centres of gravity: /2 = 6 X lO"'* kgXmXsec^, /4 = 5x 
X 10~^ kgXmXsec^, /5 = 3X lO”'* kg/mXsec^; 

5) the number of revolutions of crank AB, which rotates 
clockwise with constant velocity, n = 300 r. p. m. 


l. VELOCITY DIAGRAM 

^^B = /ABX(Oi = 0.05 mX sec“* = 1.57 m/sec. 

The length of vector Vb 

pb = VB/[iv=\-57 m/sec/0.04 m/secXmm = 39.2 mm, 

where the scale of the velocity diagram is |iu = 0.04 m/secX 
Xmm. 


10 * 
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Fig. 124 


We plot the velocity diagram (Fig. 124, b ) : 

1) we draw the vector pb perpendicular to AB^ direct- 
ing it upwards and to the right in the direction of the 
velocity of point B\ 
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2 ) in order to determine velocity Vc we have two vec- 
tor equations: 

Vc = Vb + Vcb\ 

Vc = VCy^ VcCx^ 

where Cx is the point on the fixed directrix x—x, which 
is located under point C; by drawing the line of action 

VcB from point b perpendicular to BC and the line of ac- 
tion Vccr parallel to directrix x — x from the pole (because 
= 0 , and point Cx, therefore, coincides with the pole), 
we get at the point of intersection of the lines of action 

the point c, the terminus of vector pc of velocity Uc; 

3) dividing the segment be by point d in relation 

bdjbc— IbdIIbc. we draw pd, the vector Vd] 

4) for determining Ve we have two vector equations: 

Ve—Vd-\- Ved\ 

Ve=Vf-\-Vef* 

by drawing from point d the line of action Ved perpendicu- 
lar to DE and from the pole (since Ui? = 0, and point f, 

therefore, coincides with the pole) the line of action Vef 
perpendicular to EF, we get at the point of intersection 

the lines of action the point e, the terminus of vector de 

of velocity Ved. and the terminus of vector pe of velocity Ve- 
By the plotted diagram we determine the velocities 
required for plotting the acceleration diagram: 

VcB=^bcX\iv— 19.5 mmX0.04 m/secXmm = 0.78 m/sec; 
VED = deX\iv = ^8 mmX0.04 m/secXmm= 1.12 m/sec; 
VEF~peX\Xv = 58 mmX0.04 m/secXmm = 2.32 m/sec. 

The angular velocity of rotation of link EF (link No. 5) 
(j ^5 = VeIIef^2,32 m/sec/0.1 m = 23.2-sec-h 

The direction of (05 is clockwise, which becomes clear 

after vector pe is transferred parallel to itself before join- 
ing points p and E in Fig. 124, a. 
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2. acceleration diagram 

= = (1.57 m/sec)V0.05 m = 49.3 m/sec^. 

Choosing the scale Ha= 1 m/sec^Xmm, we get the length 
of vector Ob to equal 

nb = aB/[ia = 49.3 m/sec7l m/sec2xmm = 49.3 mm. 

We draw (Fig. 124, c) from pole jt the vector direct- 
ing it parallel to AB downwards, since acceleration dg is 

directed in the mechanism from point B to point A 
(Fig. 124, a). 

We determine the acceleration dc by two vector 
equations; 

+ ^cB'^ ^CB * 

dc = dc, + 

The magnitude of acceleration a^B ='^cb I^bc = 

= (0.78 m/sec)2/0.18 m = 3.36 m/sec^; the vector length of 
this acceleration bncB = a^ghia = 3.36 m/sec^/l m/sec^X 

Xmm = 3.36 mm. 

From point b we draw the vector bticB, directing it 
parallel to BC downwards, since acceleration is 

directed in the mechanism along line BC from point C to 
point B. From point Hcb we draw the line of action of 
acceleration perpendicular to BC. 

Going over to the second equation we place point Cx at 
the pole, since acceleration ac^ = 0 (point Cx is stationary). 

Acceleration is also zero, since point C moves along 

a rectilinear path, whose radius of curvature is infinity. 
Therefore we draw the line of action from the pole 

parallel to the directrix x — x. At the point of intersection 
of the lines of action we get the terminus of vector nc of 
acceleration ac. 

By joining points b and c and dividing the segment 
be by point d in relation bdlbc^lspIlBc and joining po[nt 

d with the pole, we get the vector nd of acceleration no- 
We determine the acceleration Ok by two vector equa- 
tions: 

dp ^£p~f~^Bpt 

ds ” dp + “F 

m 



We determine the magnitudes of the normal components 
of relative accelerations: 

^ED m/sec) 2/0. 18 m = 6.97^7 m/sec^; 

(2.32 m/sec)2/0.1 m^=:;53.8 m/sec^. 

We determine the vector lengths of accelerations 
and : 

dnED = ci£Dl\y^a = l m/sec2/l m/sec2xmm = 7 mm; 

= /Ma = 53.8 m/sec^/l m/sec^x mm = 53.8 mm. 

In accordance with the first equation we draw from 

point d, the terminus of the vector jrd, which is already 

drawn, the vector driED. directing it parallel to ED down- 
wards, since acceleration is directed in the mechanism 

from point E to point D, and from the terminus Hed of this 
vector the line of action of acceleration perpendicular 

to DE, 

In accordance with the second equation we place point 
f, the vector terminus of acceleration aj?, which is zero, at 

the pole, and from the pole we draw vector nriEF and from 
the point tief the terminus of this vector, the line of action 
up to its point of intersection with the line of action 

^'ed point e. 

Joining point e with points d and n, we get vector de 

of acceleration Ued and vector ne of acceleration cief^cle- 
By means of the plotted acceleration diagram we 
determine the accelerations of the centres of gravity of the 
links, which are necessary for determining the forces of 
inertia: 

1) by dividing by point Si the vector nb in rela- 
tion nSilnb = l^sJlAB^ we get the length of vector 

jist = 24.65 mm and acceleration Gs, = :n:SiXpa= 24.65 mmX 

X 1 m/sec^x mm = 24.65 m/sec^; 

2) by dividing by point S 2 the vector be in relation 
bs 2 lbc = lBs^llBc and joining point ^2 with the pole, we get 

the length of vector jiS 2 = 30 mm, and acceleration 

= JtS 2 Xp.a = 30 mmX 1 m/sec2Xmm = 30 m/sec^; 
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3) the length of vector nc=17.5 mm; therefore accel- 
eration ac = ncX\ia= 17.5 mmX 1 m/sec2Xmm= 17.5 m/sec^; 

4) by dividing by point the vector Je in relation 
dsJde = lDsJlDE and joining point 54 with the pole, we get 

the length of vector r [54 = 39 mm, and acceleration as = 

= Jt 54 X Pa = 39 mm X 1 m/sec^ x mm = 39 m/sec^; 

5) by dividing by point S 5 the vector ne in relation 
ns^lne= IpsJlpE, we get the length of vector nS 5 = 23.6mm, 

and acceleration Os, = nS 5 Xpa = 23.6 mmxl m/sec 2 xmm = 
= 23.6 m/sec^. 

We get the angular acceleration of link 65 (link No. 5) 
by dividing the tangential acceleration d^of point E by 

the radius of rotation of this point, i. e. by the length 
^EE~0.l m. 

The length of vector nppe = 25 mm, acceleration a^ = 
= nEF^X Ha = 25 mm X I m/sec2Xmm = 25 m/sec^. Hence, 

es = 25 m/sec70. 1 m = 250 sec-^. 

The direction of acceleration 65 is clockwise; this 

becomes clear after vector nnsp is transferred parallel to 
itself before joining point n with point E in Fig.l24,a. 

3. FORCES OF tNERTIA 

The masses of the links: 

mi — 1.96 kg/9.8 m/sec2 = 0.2 kgXsec^m; 

/ 7 Z 2 = 5.88 kg/9.8 m/sec2 = 0.6kgXsecVni; 
m 3 = 9.8 kg/9.8 m/sec2= 1.0 kgXsecVm; 
m 4 = 3.92 kg/9.8 m/sec2 = 0.4 kgXsecVm; 
m 5 = 2.94 kg/9.8 m/sec2 = 0.3kgXsec7m. 

The magnitudes of the forces of inertia; 

P, = /ni XQs, =0.2 kgXsec7mX24.65 m/sec2 = 4.93 kg; 
Pi^mzXas^ =0.6 kgXsecVmX30 m/sec^= 18 kg; 

P 3 = m 3 Xac = 1 .0 kg X secVm X 1 7.5 m/sec^ = 1 7.5 kg; 
p^ = rn^X as^ = 0.4 kgX sec^/m X 39 m/sec^ = 1 5.6 kg; 

P 5 = m 5 Xas, =0-3 kgXsec7mX23.6 m/sec2 = 7 kg. 
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The following are the lines of action of the forces of 
inertia and directions along the lines of action. 

The line of action of force P| coincides with the line 
of action of acceleration a”, i. e. with the line AB. The 

direction of force P\ is opposite to that of acceleration 

i. e. upwards and to the left. The vector P\ is not drawn in 
Fig. 124 , a. 

We consider the compound motion of link BC as 
translatory motion with acceleration of point B and rotary 

motion about point B. The line of action of force P2 
translation passes through the centre of_gravity S2 parallel 

to vector nb, the acceleration vector of the centre of 
gravity S2 in translatory motion. The line of action of 

force Po in rotary motion about point B passes parallel to 

vector bs2 of acceleration ds^n in this motion through the 

centre of oscillation O2, which is located at distance Ibo^ 

from point B, where: 

Through the point of intersection of the lines of action 
of forces P2 and P2 there passes th e line of action of 
force P2, which is parallel to vector jtS 2 of absolute accel- 
eration dsj of the centre of gravity ^2 of link BC. The direc- 
tion of force P2 along the line of action is opposite to that 
of acceleration a 

Force P3 is directed along the directrix x — jc in the 

opposite direction to that of vector nc of acceleration Cq. 

We consider the compound motion of link DE as 
translatory motion with acceleration of point D and rotary 
motion about point D. We accordingly draw through the 

centre of gravity S4 the line of action of force P^ in 
translation and through the centre of oscillation O4, which 
is located at distance Ido from point D, where: 

t .. 1 1 E 1 I 5 x 10^ 

Ido , - Ids^+ m.xl.s, “ oTxaOG = 

= 0.09 m + 0.014 m= 104 mm, 

we draw the line of action of force Pa in rotary motion 
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parallel to vector ^54 of acceleration Os^d of the centre of 
gravity ^4 in this motion. 

From the pmnt of intersection of the lines of action of 
forces P4 and P4 we draw the vector of force P4, direct- 
ing it parallel and opposite to vector of acceleration as • 
Link EF performs rotary motion with variable velocity. 

The point of application of force P5 is the centre of oscil- 
lation O5, which is located at distance from point F, 
where: 



— / -L *^5 _ ; I 3 X 1 0~* 

/nsX/ps, 0.3X0.04 ~ 

= 0.04 m-f- 0.025 m = 65 mm. 


We draw from the centre of oscillation O5 the vector 

of force P5, directing it parallel to vector jtsg of accelera- 
tion d.s^and opposite to it in direction. 


4. PRESSURES IN KINEMATIC PAIRS 

It is necessary first to determine the pressures in the 
pairs of the group which has been attached last, the 
group FED. 

The links of this group, in the position, as shown in 

Fig. 124 , a. are under the action oHorces P4, P5, Pes and P24. 

After resolving forces Pes and P24 into normal and tan- 
gential components, we plot the diagram of forces by the 
vector equation 

^4 + P5 + P^5 + P£+P-4+P2^,=0. 

Link EF is under the action of forc^ P5, P45. P^ 

and Pes. The moments of forces P45 and PS relative to 
point E are zero (the lines of action of these forces pass 
through point E). The moment of force P5 is equal to 
PsXhs^ where hs is the arm of force P5, which is determined 
by the drawing and equals 15 mm (Fig. 124 , a). From the 
equation of moments 

Ph^lEF = PsXhs 

we get 

Pes = P5 X hllEF = 7 kg X 1 5 m m/ 1 00 mm ^ 1 kg. 
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Link DE is under the action_of forces P 4 . P 54 , P 24 

and P 24 . The moments of forces P 54 and P 24 relative to 
point E are zero (the lines of action of these forces pass 
through point £). The moment of force P 4 is equal to 
PiXh^, where /i 4 is the arm of this force, which is deter- 
mined by the drawing and equals 57 mm. From the equa- 
tion of moments 

P 24 X Ide = P 4 X /24 

we get 


Ph=P 4 hJiDE= 15.6 kgX57 mm/ 180 mm 5 kg. 

Choosing the scale p.p = 0.5 kg/mm, we determine the 
vector lengths of the forces: 

P 4 = 15.6 kg/0.5 kg/mm = 31 .2 mm; 

Ps = 7 kg/0.5 kg/mm = 14 mm; 

P^= 1 kg/0.5 kg/mm = 2 mm; 

P 24 =5 kg/0.5 kg/mm= 10 mm. 

We draw in succession (Fig. 124,d) the vectors of 

forces P4 and P5, then vector Pes perpendicular to FE 
upwards and to the right and from its terminus the line 

of action of force P^ parallel to FE. To the origin of vec- 
tor P 4 we join the vector of force P 24 and from its origin 
we draw the line of action of force P24 up to its point 

of intersection with the line of action of force Pes. After 
joining the point of intersection of the lines of action with 

the terminus of vector P5 and the origin of vector P4, we 

get the diagram of forces which corresponds to the vector 
equation 

P4 + P 5 + P 65 + P 24 = 0 . 

After measuring the vector lengths, we get 
pressure in pair F Pq^ = 4\ mmXO.5 kg/mm = 20.5 kg; 
pressure in pair D P24=I0 mmXO.5 kg/mm = 5 kg. 
Pressure in pair E can be determined by the diagram 
of forces which has been plotted for link DE or link FE. 
Link FE is under the action of forces P5, Pqs and P45. The 
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vectors of the first two of these forces in Fig. 124, are 

already drawn; after joining the terminus of vector Fgs 

with the origin of vector P 5 , we get the vector of force Pa. 
After measuring the length of this vector, we get 

pressure in pair E ^45 = 28 mmxO.5 kg/mm=14 kg. 

The group BCCx is under the action of forces P 2 , P 42 , F 3 . 

^63 and P\ 2 - After resolving the last of these into normal 
and tangential components, we plot the diagram of forces 
by the vector equation 

F 2 + P 42 + T* 3 + P 63 + P ^2 + F]2 = 0. 

Link BC is under the action of forces P 2 . ^ 42 . ^ 32 . P 12 

and Pi 2 > Since the moments of forces P 32 and P \2 relative 
to point C are zero (the lines of action of these forces pass 
through point C), the equation of moments relative to 
point C will be 



DC 


— P 2^2-^ P 42^42. 


where /i 2 = 85 mm is the arm of force P 2 . which is deter- 
mined by the drawing, and /z 42 = 42.5 mm is the arm of 
force P 42 (Fig. 124, a). From this equation we get 



P + P 42^42 

Ibc 


18 kg X 85 mm + 5 kg X 42.5 mm 

180 mm 


-9.7 kg. 


Choosing the scale pp=l kg/mm, we determine the 
vector lengths of the forces: 

^ 2 = 18 kg/1 kg/mm— 18 mm; 

^42 = 5 kg/1 kg/mm = 5mm; 

^ 3 = 17.5 kg/1 kg/mm= 17.5 mm; 

f>j 2 = 9.7 kg/1 kg/mm = 9.7 mm. 

We draw in succession (Fig. 124,^) the vectors P 2 > 

P42, P3 and from the terminus of the last one the line of 

action of force Pes- After joining to the origin of vector P 2 

the vector Ph, which is directed perpendicular to BC and 
to the right, we draw from its origin the line of action oi 

force P 12 up to its point of intersection with the line of 
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action of force Pq^. Having joined the point of intersection 

of the lines of action with the origin of vector P 2 . we get 
the diagram of forces which corresponds to the vector 
equation 

P2~^ P 42~\~ P3~^ P P 12==0- 

After measuring the lengths of vectors P \2 and Pqz, 
we get: 

pressure in pair B Pi2 = 27 mmX 1 kg/mm = 27 kg; 

pressure in the sliding pair P63=l3mmXl kg/mm = 
= 13 kg. 

Pressure in pair C is determined from the diagram of 
forces for link BC, which was plotted by the vec- 
tor equation 

P\2~^P2~^P A2~^P 32 = 0- 


The first three vectors in Fig. 124, ^ are already drawn. 
By joining the terminus of vector P 42 with the origin of 
vector P12, we get the vector of force P32. After measuring 
the length of this vector we get: 

pressure in pair C P32 = 22 mmX 1 kg/mm = 22 kg. 
Pressure in pair A we determine from the diagram of 
forces for the crank, which is plotted by the vector equation 

P 2 I+P 1 +P 61=0. 


The magnitude and direction of force Pi have already 

been determined. Force P21 is equal in magnitude to 
force P 12 and is opposite to it in direction. By drawing the 
vectors of these forces to the scale pp=l kg/mm 

(Fig. 124,/) and measuring the length of vector Psi, which 
closes the triangle of forces, we get: 

pressure in pair A P6i = 34 mmXl kg/mm = 34 kg. 



Chapter Vll 


FRICTION IN KINEMATIC PAIRS 


30. KINDS OF FRICTION 

Friction always takes place when any given bodies — 
solids, fluids or gases, — which are in contact with each 
other, move relative to each other or are under the action 
of forces that strive to bring about their relative motion. 
In the subsequent discussion we shall consider only fric- 
tion on the surfaces of contacting solids. 

Experience shows that in the relative motion of two 
contacting solid bodies, pressed against each other by 
a certain force, a resisting force to the relative motion acts 
on the contact surfaces. This force is called the force 
of friction. 

During relative motion of two contacting solid bodies 
both the sliding and rolling of one body on the other may 
take place. As a result either sliding friction or rolling 
friction develops, or both kinds of friction occur simulta- 
neously. 

Experience also shows that the force of sliding friction 
decreases when the contacting surfaces of solids are 
lubricated with a liquid. If the lubricant separates fully the 
surfaces of the bodies, the friction is called liquid 
f r i c t i 0 n; when there is no lubricant the friction is called 
dry friction. When the lubricant does not fully sepa- 
rate the body surfaces the friction is called s e m i f I u i d 
or semidry, depending on which kind of friction is 

predominant. 

31. SLIDING FRICTION OF UNLUBRICATED BODIES 

A. The Direction and Magnitude of the Force of Friction. 

Coefficient of Friction 

Experience shows that the force of friction on the 
contact surface of two solid bodies is always directed 
against the side which is opposite to the relative velocity 
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of motion or, when both bodies are in a state of rest, 
against the side opposite to the force striving to move one 
of the contacting bodies. 

The many factors on which the magnitude of the force 
of friction depends present great difficulties in their cal- 
culation. In many cases with an accuracy sufficient for 
practical purposes, Coulomb's formula may be used to 
determine the magnitude of the force of friction. 

( 6 ) 

* 

where F is the force of friction, Q is the normal force to 
the contact surface by which body 1 is pressed to body 2 
(Fig. 125), and / is the proportion factor, which is called 
the coefficient of sliding friction. 

Thus, if body 1 moves relative to body 2 with a certain 
velocity V\ 2 , this motion is resisted by the force of friction F, 
which is directed against the side opposite from velocity Ui 2 , 
and is determined by formula (6). 

Experience shows that with the very same bodies I and 2, 
with the same force Q and with the other conditions identi- 
cal the force of friction Fq, which has to be overcome in 
order to move one of the bodies that is in a state of rest 
relative to the other, is greater than that force of friction F 
which resists body 1 in its motion relative to body 2. It is 
therefore necessary, in determining the force of friction by 
the formula given above, to take into consideration the 
difference between the magnitudes of the coefficient of 
sliding friction f and the coefficient of friction of rest fo- 

Since the force of friction is a reactive force, magnitude 
Qfo of the force of friction of rest which is determined by 
formula (6) is the maximum 
possible, able to resist force P 
that strives to move one of the 
contacting bodies relative to the 
other, but when P<Q/o, the 
force of friction is exactly equal 
to force P, 

The coefficient of sliding Pig- 125 

friction is a dimensionless 

magnitude which is quoted in engineering reference books 
in other cases of a particular nature, where only the mate- 
rials of friction bodies and the finish of their contacting 
surfaces are taken into account. In using the reference 
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magnitude of the coefficient of friction and determining the 
magnitude of the force of friction by the formula given 
above, we assume that the magnitude of the coefficient of 
friction depends only on the material and the surface finish, 
and not on the sliding speed, nor on the specific pressure, 
nor on the time during which sliding takes place. It should 
be remembered that this assumption is only approximately 
correct and only within the limits of sliding speeds, specific 
pressures and sliding duration used by Coulomb during the 
experiments which produced the above formula. The 
following were the limits within which Coulomb carried 
out experiments in 1785, and which Moran verified in 1834: 
sliding speed — from 0.3 to 3 m/sec, and pressure on the 
surface of contact — not more than 10 kg/cm^. This has to 
be taken into consideration since in modern engineering 
we frequently deal with much greater speeds and pressures 
on friction surfaces. Sliding duration was not considered 
at all in Coulomb’s experiments. 

The experiments, which have been carried out by 
various researchers since Coulomb’s and Moran’s experi- 
ments, have shown that beyond the mentioned limits the 
magnitude of the coefficient of friction changes consider- 
ably as a result of the sliding speed and the pressure on 
the friction surface and because of sliding duration. For 
example, it was shown that by increasing the sliding speed 
from 2.13 to 26.8 m/sec the magnitude of the coefficient of 
friction decreased almost sixfold, and at the very same 
speed it decreased almost threefold after 25 seconds from 
the beginning of the experiment. 

The above should be considered when determining the 
magnitudes of the forces of friction in technical calcu- 
lations, which are based on the utilization of reference data 
concerning the magnitudes of the coefficients of friction. 


B. Angle of Friction and Friction Cone 

If body 1 (Fig. 126) is pressed to body 2 by force Q 12 , 
then in the absence of the frictional force reaction Q 21 , from 
the side of body 2 to body 1 is directed along the normal to 
the surface of contact. In the presence of frictional 
force F reaction R is the resultant of normal reaction Q 21 
and the force of friction F. Angle (p, through which the 
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resultant R deflects from the normal reaction Q 21 , is called 
the angle of friction. 

From Fig. 126 follows that 

tan (p= . 

V2l 

Therefore, in accordance with equation (6) we get 

tan q) = f, (7) 

i. e. the coefficient of friction is* equal to the tangent of the 
angle of friction. 

Thus, the angle of friction is the angle between 
the normal reaction and the resultant force of friction and 
the normal reaction or, in other words, the angle whose 
tangent is equal to the coefficient of friction. 



Fig. 126 Fig. 127 


During motion of body 1 in different directions on the 
plane resultant R of reactions will deflect from normal 
reaction Q 21 at angle cp to the side, which is opposite to 
the relative velocity of motion, always remaining on the 
surface of the cone with angle 2q) at the apex which is 
formed by the rotation of resultant R about the normal 
reaction (Fig. 127). This cone is called the friction 
cone. 

In other words, a friction cone is a surface 
circumscribed by the resultant of the force of friction and 
the normal reaction at its rotation about the normal 
reaction or, a cone with an angle at the apex equal to the 
double angle of friction. 

C. Friction on the Horizontal Plane 

The motion of a body on the plane can be examined 
under the action of one force only, since in all cases 
a number of forces that act on the body can be reduced 
to one resultant. 
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Let us assume that force Q acts on the body (Fig. 128) 
at angle I to the perpendicular to the plane of contact. 

We will transfer force Q to the point of its intersection 
of the vector with the perpendicular to the plane of contact 

and resolve it along two perpendicu- 
lar directions respective to each other. 
The normal component Q", pressing 
the body to the plane, creates the 
reacting force of friction of rest Fo to 
the body motion; the tangential 
component strives to move 

the bodv. 

To produce motion it is necessary 
to observe the following condition: 



Q'' >Fo. 


= Q sin A, 


^o = /oQ" = /oQcos?., 

where fo is the coefficient of friction of rest, then 


Q sin }.>foQ cos X, 


whence 


tan }.>fo 


or on the basis of formula (7) 

tan A> tan cpo; 

X>(po, 

where cpo is the angle of friction of rest. 

It follows from this that regardless of its magnitude the 
force acting inside the friction cone cannot move the body. 
By substituting in the above inequalities F for Fo, f 

and (p for fo and cpo, and by replacing in all inequalities the 
sign > by sign we find that motion of the body on the 
horizontal plane is possible only by observing the condition, 
where 7 ^cp. 

Where A = cp, we obtain Q'=F and motion with constant 

velocity; . , 

where A>(p, we obtain Q>F and motion with accel- 
eration. 
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Where X,<<po. the development of motion as previously 
shown is impossible; where X<(p, the motion of the body, 
brought about by certain forces and continuing by inertia, 
will be retarded under the action of force Q, since in this 
case the force of friction created by force Q" and coun- 
teracting motion will be greater than force Q’ sustaining 

motion. , - lu ' 

From what has been previously said it follows that the 

problems, concerning the possibility of developing the 
motion of one of the contacting bodies relative to the other 
and concerning the possibility of motion with constant 
velocity or acceleration, are solved identically, with the 
single difference that in one case we have to take into 
consideration the coefficient fp ^nd angle cpo of friction of 
rest, and in the other, the coefficient f and angle cp of slid- 
ing friction. 


D. Friction on the Inclined Plane 

Let us first examine a case where on the body located 
on the plane inclined at angle K to the horizon acts one 
force which is perpendicular to the plane base (Fig. 129), 
for instance, the force of weight. 

In this case motion is possible only downwards. 

The angle between the vector Q and the perpendicular 
to the plane is equal to the angle k of inclination of 
the plane. 

In accordance with what we have said above concern- 
ing the possibility of motion it is necessary to observe the 
condition 

X^(p. 

Where X<(p under the action of the force, which is per- 
pendicular to the plane base, motion, 
regardless of the force magnitude, can- 
not develop nor continue without delay. 

A plane with an angle of inclination 
smaller than the angle of friction is 
called self-breaking. The self- 
breaking effect is very widely used in 
different devices in engineering. Let 
us now examine a case where two forces act on a body, 
which is located on the plane inclined at K to the horizon; 
one of these forces is perpendicular and the other is parallel 

n* 
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to the plane base. In this case the body can move in both 
directions. Let us find the conditions for the possibility 
of motion in each of the two directions. 

a) Motion of the body upwards on the inclined plane 
(Fig. 130). In this case force P, which is parallel to the 

plane base, must be directed 
to the right. For the pos- 
sibility of moving upwards 
on the plane it is necessary 
for resultant R of forces P 
and Q to form angle p with a 
perpendicular to the plane 
not smaller than the angle 9 
of friction, i. e. it is essential 
to observe the condition 

From the construction follows 

P = Q tan (>.-f p). 

From the above inequality and equality follows the 
condition for the possibility of body motion upwards on 
the inclined plane: 

P^Q tan (?. + (p) . (8) 

b) Motion of the body downwards on the inclined plane 

(Fig. 131). In this case resultant R from the construction 
equals 

P=Q tan (A— p) 

and, hence, the motion downwards on the inclined plane is 
possible at by observing the condition 

P^Q tan (^ — cp) . (9) 

In Fig. 131 the force P is directed 
to the right and is therefore a force 
which counteracts the motion. The 
force P directed to the left (Fig. 132) 
will be required for moving the body 
downwards only in the case where 
motion will not take place under the 
action of only one force Q, i. e. in the 
case of X^cp. 
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From the construction (Fig. 132) we get 

P = Q tan (p — >0 . 


Where p^cp and the direction of force P indicated in 
Fig. 132, the required magnitude of force P must satisfy the 
condition 

P^Qtan {(p->.). (10) 



Fig. 132 


E, Friction of V-Shaped Slider 

In all previous cases we assumed 
that the force, which presses the body 
to the plane of friction, is directed 
perpendicular to this plane. In these 

cases, in accordance with equation (6) we obtained the 
magnitude of the force of friction by multiplying the force 
pressing the body to the plane by the coefficient 
of friction. 

Fig. 133 shows a V-shaped slider in cross section 
shaped like a trapezium and pressed by force Q to two 
friction surfaces, each of which is inclined to the line of 
action of force Q at angle y. During motion of the V-shaped 
slider in the direction which is perpendicular to the 
drawing plane the magnitude of the force of friction in 
accordance with formula (6) will equal 

F = 2Nl 


where N is the force which is perpendicular to the plane 
of friction. 

Knowing that the sum of the projections of forces to 
the vertical is zero, we obtain 



By introducing the designation -I— =f', we obtain 

sirT Y 

f=Qf', (11) 

where magnitude f' is called the imaginary or 
reduced coefficient of friction. 

In technical calculations we have to deal with the 
imaginary coefficient of friction as well as with the im- 
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aginary angle of friction cp', which is determined from the 
equation tancp' = /', in cases where the force which presses 
one body to the other is not directed by the normal to the 
surface of friction. Since f'>f, then in cases where it is 
desirable to obtain a possibly greater force of friction, at 

a definite force to press 
one body to another, the 
friction surfaces are some- 
times not arranged at right 


Fig. 133 Fig. 134 

angles to the line of action of the pressing force. For 
example, in order to reduce the force which presses one of 
the friction wheels to the other, the wheel rims are some- 
times made V-grooved (Fig. 134). We shall deal with 
another example in the following paragraph. 

If instead of a V-shaped slider, which moves in the 
direction perpendicular to the drawing plane, we imagine 
a solid frustum (Fig. 133), which is pressed by force Q to 
the inner surface of the hollow frustum, then the magnitude 
of the force of friction, counteracting the rotation of the 
solid cone in the hollow one, will also have to be deter- 
mined by equation (11). 




F. Friction in Screws 

In determining the magnitude of the force of friction on 
the contact surface of a screw and nut it is assumed that 
the developed helical surface of the screw is an inclined 
plane with the nut as a load on the 

helical surface of the nut and the screw is the load on this 

inclined nlane. . r 

In making this assumption it is necessary to bear m 

mind that the developed helical sur ace is not t^ct an 

inclined plane with a definite angle of inclination. We 
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shall get the helical surface by moving segment AB of 
the straight line (Fig. 135) with point A along the helix 
and maintaining it during this motion normal to the 
cylinder surface or, what is the same thing, perpendicular 
to the cylinder axis. During one turn ^ 
about the cylinder axis, when segment ' 

AB will pass into position A^B^, all 
points of the segment will displace along 
the cylinder axis by the same pitch /, b 
but all the points will pass the paths 
along the cylinders with different dia- 
meters: one end point A of the segment Fig- 135 
will pass along the cylinder with dia- 
meter d\, the other end point B, along the cylinder with 
diameter d, which is not shown in Fig. 135. The lead 
angle along which point A will pass, will be equal to 

/.A = arctan^, lead angle along which point B will 



pass, will be equal to 


Ai 3 = arc tan 



Since d\<d, then 


A A 

Ka 5> Aj3- 

Assuming that the developed helical surface is an 
inclined plane with one definite angle of inclination, angle 
Aa or we will allow for an inaccuracy which will be 
of no practical significance, if the length of segment AB is 
small by comparison with the diameter dx or d, which is the 
usual case in machine building. We shall allow for an even 
less important inaccuracy, if we assume that the developed 
helical surface is an inclined plane with the angle of 
inclination equal to the lead angle on the mean diameter, 
i. e. to the angle which is determined by the equation 



The screw thread can be imagined in the motion of 
points A and Ax of the thread profile as rectangle ABB^Ax 
(Fig. 136) or triangle ABAx (Fig. 137) along the helices, 
which are located on the cylinder with diameter dx; during 
such motion segment AAx must remain all the time parallel 
to the cylinder axis. Practically the screw thread is, of 
course, obtained by removing the material from the cylin- 
der with diameter with the help of a cutting tool. In 
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similar manner we can imagine the formation and practi- 
cal production of a nut thread. 


Fig. 137 


If we imagine the contacting surfaces of a screw and 
nut and one of the links of the screw pair as an inclined 
plane, we can assume the other link as a point load on 

this plane, proceeding from 
the fact that according to 
formula (6) the force of 
B —^>7 [— — — friction does not depend on 

^ — d the magnitude of the con- 

' tact surface. In this way 

Fig. 136 Fig. 137 we can use formulae (8), 

(9) and (10), which 
establish the relations between forces P and Q that act on 
the body located on the inclined plane. In applying these 
formulae to a screw pair, angle K in these formulae will be 
the lead angle on the mean diameter, force Q, the force 
which is directed along the pair axis, and force P, the force 
which is directed along the tangent to the circle of a radius 
equal to the mean radius of the thread. If r is the mean 
radius of the thread and M is the moment, which rotates the 

moving link of the screw pair (screw or nut), then P— — 


For example, if Po is the force which is applied to the 
spanner by the operator when screwing the nut on or 
off (Fig. 138), and / is the distance from the point of ap- 
plication of force Po to the axis of the screw pair, then 

P = Po~. 

The above formulae can be used to determine the forces 
P and Q only in screws with square thread (Fig. 139). By 
resolving the axial load Q (on an inclined plane the force 
which is perpendicular to the plane base, see Fig. 140), we 
get the component, that 
presses the links of the screw 
pair against each other, which 
equals Q cos In a square 
thread this force is normal to 
the friction surface (Fig. 141) 
and therefore generates a 
force of friction which equals 
fQ cosX. In an oblique-an- 
gled thread (Fig. 142) force Fig. 138 
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Q cos X is not normal to the friction surface (Fig. 143), and 
therefore in determining the magnitude of the force of fric- 
tion which is generated by this force, the force Q cos A, 
should be multiplied by the imaginary coefficient of fric- 
tion which equals f'= ^ , where p is the half angle 

at the profile apex of the oblique-angled thread. Therefore, 
in applying formulae (8), (9) and (10) to screws with 
oblique-angled thread the angle cp of friction, which is a 


r/ut 



Fig. 139 Fig. 140 


part of the formulae, should be replaced by the imaginary 
angle of friction cp'. 

Since the force of friction is greater in a screw with 
oblique-angled thread than in a screw with square thread 
when all other conditions are equal, it is advisable to use 
an oblique-angled thread in fasteners (bolts, studs, screws), 
where it is desirable to have a possibly greater force of 



Fig. 141 Fig. 142 Fig. 143 


friction, and square thread for screws which are intended 
for the transmission of motion. 

For screw fasteners the thread, as specified by the USSR 
Standard, has a profile in the shape of an equilateral 
triangle. Owing to practical considerations, instead of a 
square thread for screws transmitting motion, the Standard 
specifies a thread with trapezoidal profile (Fig. 144) with 
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and (10), how 
the forces that 


a 30° angle at the profile apex. The increase of the force 
of friction in a trapezoidal thread is insignificant compared 
with a square thread, since the cosine of the half angle 
at the profile apex is near unity (cos 15°=0.966), and 

therefore the difference between coeffi- 
cients and f is also insignificant 
(/'-1.03/). 

In a metric thread, the name used 
for the standard thread for fasteners, 
the angle at the profile apex is 60°, 
hence 

In screw fasteners the thread must 
certainly be self-breaking, as otherwise these elements 
could not serve their purpose. 

Let us find, by using formulae (8), (9) 
to solve the problem of the magnitudes of 
act on a bolt and nut when mounting 
the bolt. 

In joining elements A and B with 
a bolt (Fig. 145, a) the bolt is insert- 
ed into the holes of these elements, 
and then a nut is screwed on the 
upper threaded portion of the bolt. 

Until the nut reaches element A the 
thread of the stationary bolt resembles 
an inclined plane, which is turned 
onto a cylinder, and the nut, a load on 
this plane displaced in the position 
of the bolt, as shown in Fig. 145, a, 
from the top downwards. Left in any 
position, for instance, as shown in 
Fig. 145, a the nut does not displace 
downwards under the action of its 
own weight because the triangular 
thread of the bolt is self-breaking, i.e. 
it satisfies the condition X<(p'. In 
order to bring the lower surface ab 

of the nut into contact with the upper surface cd of ele- 
ment A it is necessary to turn the nut by torque Pr. 
where r is the mean radius of the thread, P is the force 



a) 



bl 

Fig. 145 
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which is reduced to the mean radius and determined by 
formula (10), in which the angle (p of friction is replaced 
by imaginary angle of friction, and force Q is the 
insignificant weight of the nut. The small torque, which is 
required for moving the nut 
to element A, is usually 
provided by the operator’s 
fingers. 

When the nut lower sur- 
face has reached the upper 
surface of element A, a much 
greater torque is required in 
the subsequent turning of the 
nut to tighten the bolt. As it turns, the nut must displace 
along the bolt, as shown in Fig. 145, fe, downwards, but this 
is prevented by element A into which the nut already 
presses. In turning and remaining in contact with 
element A thq nut could move downwards relative to the 
bolt, if the bolt were able to move upwards, but element B 
into which the bolt thrusts with the head prevents that. 
Further rotation of the nut is still possible at a certain 
angle, which is certainly performed in the mounting of the 
bolt. During such rotation the nut, pressing with its lower 
surface against element A and acting with the fillets of its 
thread on the thread of the bolt, stretches the bolt increas- 
ing its length a little. At this stage the functions of the bolt 
and nut change: the nut becomes, as it were, an inclined 
plane, and the bolt becomes the load which is displaced 
upwards along the inclined plane. 

When the bolt is stretched what happens is essentially 
the same as would happen in the device, shown in Fig. 146, 
if load Q (analogous to the bolt), which can displace only 
vertically, were to be displaced by element D (analogous to 
the nut) . 

Acting with certain force Pm, which is directed in 

Fig. 146 from right to left, we can lift load Q (in 

Fig. 145,6 to stretch the bolt by force Q), shifting at the 
same time the load relative to element D from left to 

right (similar to the rotation relative to the bolt in 

Fig. 145,6). 

In Fig. 146 force must overcome the resistance of 
load Q and the friction forces on the inclined plane and, in 
addition, the force of friction on the horizontal plane of 



Fig. 146 
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contacting parts A and D. The required force for moving 
load Q relative to element D to the right should be 
determined by formula ( 8 ); the force of friction on the 
plane of contact of elements A and D equals Qf (the weight 
of element D is not taken into consideration). Therefore 

Pm = Q tan (A, + (p) + Q/, 

where cp is the angle of friction on the inclined plane and 
f IS the coefficient of friction on the horizontal plane. 

Similar to this the torque, created by the operator, 
which acts during tightening of the bolt on the spanner 
end with force Po (see Fig. 138), must overcome the 
moment Pr — Qrtan (A + cp'). where Pr is the force on the 
mean radius of the thread, and Q is the force which 
stretches the bolt, and also the moment QfR of the force 
of friction on the contact plane of the nut and element A, 
where R is the radius of the circle, onto which it may be 
assumed the resultant of the elementary forces of friction 
is app^ed (determination of magnitude R see below in 

The bolt which is fastened with a spanner remains in 
stretched position in a state of tension, since with the 
self-breaking thread under the action of axial force the bolt 
cannot turn in the nut and return to its initial position. 

In dismounting the joint it is necessary to turn the nut 
by torque 


Qr tan (90 — A.) -f- 

where 9 is the imaginary angle of friction of rest in the 

thread and /o is the coefficient of friction of rest between 
the nut and element A. 

G. Friction in Turning Pairs 

A turning kinematic pair is formed by the journal (the 
supporting portion of the shaft) and the bearing envelop- 
ing it. 

In order that the journal, which is under the action of a 
number of forces applied to it, may rotate it is necessary 
to have the resultant Q of these forces (Fig. 147) create 
a moment which is not less than the moment of the force 
of friction. 
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By resolving force Q into components, normal Q” and 
tangential Q' and denoting by r the arm of force Q relative 
to the axis of rotation of the journal, by R the journal 
radius and by X the angle between the line of action of 
force Q and the radius, which is 
drawn to the point of application 
of force Q, we find: 

the moment that rotates the 
journal to equal 

Q' R = QR sin X\ 

the moment of the force of fric- 
tion F to equal 

f = = QR\ cos X = 

= QR tan cp cos X. 

For the possibility of rotation 
it is necessary to observe the 
condition 

QR sin X^ QR tan (p cos X, 

whence 

tanX^tancp; ?i^(p, 

and therefore 

r = R sin X^R sin (p. 

Hence, the moment of force Q cannot rotate the journal, 
if the line of action of force Q passes inside the circle of 
radius R sin cp. 

This circle is called the circle o f friction. 

H. Friction in Pivots 

Friction in pivots takes place on the contact surface of 
two bodies that are pressed to each other, rotating relative 

to each other about the normal to the surface 
of contact (Fig. 148). 

In considering the resistance of the forces of 
friction to the moment which rotates one body 
relative to the other, we have to determine the 
resultant moment of frictional forces, replacing 
the elementary forces of friction on the entire 
surface of friction by a resultant force, which is 
applied on the circle of radius R. Let us deter- 
mine the magnitude of radius 7?, assuming that 



Fig. 14S 
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the friction surface is a circular area with external radius r\ 
and internal radius /'2 and that rotation takes place about 
a common centre of circles with these radii (Fig. 149). 
The total force of sliding friction equals 



Fig. 149 


pln{r\-rl), 

where p is the pressure on the fric- 
tion surface, i. e. the force per unit 
of the friction surface, and jxCr^ —r^) 

is the magnitude of the friction surface. 

The elementary force of friction, 
which is distributed along the circle 
with area 2ji rdr, equals 

p/2jr rdr. 

The moment of the total frictional 
force 

pfn(r^-rl)R, 


where R is the radius of the circle onto which the resultant 
of the elementary forces of friction is applied. 

The same moment can also be expressed in the follow- 
ing way: 



By equating and reducing to p/ji, we get equation: 

{ri-rl)R=2fr^ dr, 

rz 



whence 



+ f i^2 + ^2 

r\ +r2 


Where r 2 = 0 we obtain 

R= jr,. 
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32. SLIDING FRICTION OF LUBRICATED BODIES 

If the surfaces of friction bodies are fully separated by 
a lubricant film, then friction, as was pointed out 
previously, is called liquid friction. Resistance to 
relative motion with liquid friction is dependent on factors 
different from those determining the frictional force with 
dry friction. 

The resistance to relative motion occurs on unlubricated 
surfaces of frictional bodies primarily because of some 
minute unevenness on the surface of one of the frictional 
bodies, imperceptible to the naked eye, and shown in an 
extremely enlarged form in Fig. 150, is retained by 
similarly minute unevenness on the surface of the other 
body. This is substantiated by the fact that, other conditions 
being equal, the force of friction decreases when the fric- 
tion surfaces are more carefully finished. 

However, the decrease of the force of friction is not 
widely determined by the increase of the finishing accuracy 
of the surfaces; for if we leave all other condi- 
tions unchanged, and proceed to surfaces which have been 
more and more carefully processed we will find that after 
reaching a certain limit of processing accuracy the force 
of friction will begin to increase. This is explained by the 
fact that with very close contact of surfaces the forces of 
molecular adhesion begin to have a noticeable effect. For 
example, carefully polished surfaces of two bodies with 
the degree of unevenness not exceeding a two-thousandth 
of a millimetre (the surfaces of plates which are used for 
checking the limit gauges are processed this way) are 
attracted to one another with a force of about 125 g/cm^. 

In the presence of a liquid film 
between the surfaces of two bodies 
moving relative to each other the 
influence of the above-mentioned fac- 
tors, roughness of surfaces and molec- 
ular adhesion are eliminated, and 
resistance to relative motion depends 150 

on friction only inside the liquid film. 

In this case the finest films of liquid adhere to the surfaces 
of bodies which displace relative to each other and move 
relative to the adhering films of liquid, entraining and 
partly moving ahead of them. 
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Determination of the forces of friction in the case of 
liquid friction is based on Newton’s law for viscous fluids, 
according to which 

17 flXSv 

-ir^ 

where F is the force of friction in kg; 

T] is the viscosity factor of liquid in kgXsec/m^; 

5 is the surface of friction in m^; 

V is the relative velocity of motion in m/sec; 
h is the thickness of the liquid film in m. 

If we determine the force of friction in a liquid film by 
Coulomb's formula (6), coefficient of friction f has to be 
determined by the formula 

' hp ^ 

which is obtained from Newton’s equation after substitu- 
tions: 

F = Qf and = p. 

In Coulomb’s formula it is assumed that the coefficient 
of dry friction does not depend on the sliding speed; 
however as we said previously, it was subsequently 
ascertained by later researchers that at speeds which 
exceed those that were applied in Coulomb’s experiments 
the coefficient of friction decreases considerably. The 
coefficient of liquid friction, on the contrary, increases in 
proportion to the sliding speed. 

The complex phenomena, which take place in a lubricant 
film, were first studied by the founder of the hydraulic 
theory of friction N. P. Petrov, professor of the St. Peters- 
burg Technological Institute, in his remarkable work Fric- 
tion in Machines and the Effect of Lubricating Liquid, 
published in 1883. 

In the majority of cases on the lubricated surfaces of 
bodies, which move relative to each other, a process takes 
place not of liquid friction, but of semifluid or semidry 
friction. For this process no theoretical substantiated 
formulae have so far been established, and therefore the 
determination of the forces of friction in such cases is 
performed by Coulomb’s formula at greatly reduced coef- 
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ficients of friction by comparison with those which have 
to be accepted for the process of dry friction. Thus, for 
example, the coefficient of friction of steel on bronze at dry 
friction can be taken to equal about 0.18, and at the process 
of semidry friction depending on 
various circumstances its value varies 
from 0.02 to 0.08. 


33. FRICTION OF FLEXIBLE BODIES 

If a perfectly flexible and non- 
stretchable body, i. e. a body which 
does not undergo any deformation 
under the action of the tensile force 
and does not show any resistance at 
its flexure, envelops a fixed cylinder, 
embracing it along arc ab with centre 
angle a (Fig. 151), and is under the 
action of forces and then for its motion along the 
cylinder with constant velocity it is necessary to observe 
the condition 



S1—S2 + F , 


where F is the force of friction between the flexible body 
and the cylinder. 

Since the force of friction is distributed on the arc ab of 
contact of the.flexible body with the cylinder, tension of the 
flexible body from point a of its moving onto the cylinder 
to point b of running off from the cylinder increases by a 
known law from S 2 to S\. At point c of infinitely small arc 
cd the tension reaches a certain magnitude S, at point d 
the tension increases to S + dS. 

The infinitely small force on arc cd, which determines 
the increase of tension to value dS and is therefore equal 
to dS, can be expressed as follows: 

dS^fdN, 

where f is the coefficient of friction and dN is the infinitely 
small force, which is normal to the friction surface. 

The magnitude of force dN is created by projections 

12 — 1115 
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of tensions 5 and S + dS on the radius, which is drawn at 
the centre of arced; 


dN = S sin 


Y + (5 + d5) sin Y = 


= 25 sin 


da 

T 


+ dS sin 


da 

T‘ 


dot 

Since s\n da = da and dS sin - 2 - = 0, as the member of 


the higher order of smallness, then 

dN = Sda\ 
dS^fdN^fSda. 

After dividing the variables, we obtain 


dS 


= fda. 


By integration and then involution, we obtain 



This relation between force 5i, which moves the per- 
fectly flexible and nonstretchable body that envelops the 
cylinder, -and force 52, which is resistant to motion, has 
been established by the outstanding scientist L. Euler, 
a member of the Russian Academy of Sciences. 

According to Euler’s formula the force of friction on the 
contact surface of a flexible body and the cylinder en- 
veloped by it is 
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F = S,-S2 = S2{e>^ 



As can be seen from the formula, the magnitude of the 
force of friction depends largely also on the coefficient of 
friction and on the angle of contact; it can be easily seen, 
by making corresponding substitutions in Euler’s formula, 
that at f = 0.35, when the flexible body has been wound 
around the cylinder by four complete turns (oc = 8.ti), we 
can balance the force of 6500 kg with the force of 1 kg. 

In the calculation of a belt drive we deal approximately 
with the following magnitudes: f~0.35; a = n. At these 
magnitudes the tension of the driving portion of the belt, 
which imparts rotation to the driven pulley, is approxi- 
mately three times greater than the tension of the driven 
portion. However, in calculating a belt drive, Eulers 
formula cannot be used without important empirical 
corrections. The necessity for such corrections arises, 
firstly, from the fact that the belt is not a perfectly flexible 
and nonstretchable body, and, secondly, from the fact that 
during rotation of the pulley the belt is subjected to the 
action of centrifugal force, which reduces the belt pressure 
on the pulley and, consequently, reduces the force of 

friction. 


34. ROLLING FRICTION 

During the rolling of a cylinder or ball a continuous 
rotation of the rolling body takes place on the rolling 
surface. If we assume that the rolling body is in contact 



Fig. 152 

with the rolling surface in line (in the case of a cylinder) 
or at point (in case of a ball) and assume thereby that the 
line of action of the force, which presses the rolling 
body to the rolling surface, passes through the line or 
point of contact, we arrive at the conclusion that in 
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such case no resistance to rolling takes place; the moment 
of force Q (Fig. 152, a), which presses the rolling body 
to the rolling surface, is zero, and, therefore, the moment 
of force P, which effects continuous rotation of the body, 
meets with no resistance. Nevertheless experience shows 
that there is resistance to rolling. 

Resistance to rolling develops because the bodies, which 
are pressed to each other even by insignificant force, are 
becoming deformed and contact in deformed condition not 
in line or at point, but at a certain surface which is adjoin- 
ing the line or point. During the deformation of the surface 
under the rolling body (Fig. 152,6), and during the 
deformation of the rolling body (Fig. 152, c), and, con- 
sequently, during the simultaneous deformation of both the 
body and surface the line or point, near to which rotation 
occurs, departs at certain distance k from the line of action 
of force Q. As a result of this develops arm k of force Q and 
moment Qk, which counteracts the rotating moment Ph. 

During rolling with constant velocity this obvious 
relation takes place 

Ph = Qk, 

where k is the magnitude characterizing the conditions at 
which rolling takes place; it is called the coefficient 
of rolling friction. As distinct from the coefficient 
of sliding friction the coefficient of rolling friction is 
a magnitude with linear dimension. 

The rolling phenomenon is observed because of the 
presence of sliding friction: rolling of one body on another 
can take place on y when the resistance to sliding exceeds 
the resistance to rolling. 

In order to make a body roll on the plane it is necessary 
to apply a force to the body, which equals 

and for sliding it is necessary to apply a force, which 
equals 

If ^ <f and, hence, Pr<Ps. the body will roll without 
sliding, otherwise the body will slide without rolling. When 
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j^=f there will be an identical possibility for rolling and 
sliding. 

Since in replacing sliding friction by rolling friction the 
force of friction decreases and in the majority of cases 
considerably so, it is expedient during the shifting of loads 
on the plane to place rollers, such as cylindrical rods or 
sections of pipes, under the loads. This is frequently done. 

In shifting a load of weight Q on rollers of radii R 
(Fig. 153) the forces of rolling friction between the load 
and rollers and between the rollers and the plane are 
being overcome. In this case force P acting on the load 
is applied to the rollers at their points of contact with the 
load and creates the moment P2R, which rotates the 
rollers. Resistance to rolling is effected by the moments 

^ fei and +G^k 2 , 

where G is the roller weight; 

n is the number of rollers; 

^2 3nd k[ are the coefficients of rolling friction 
between the rollers and the plane and between the rollers 
and the load respectively. 

During motion with constant velocity, we obtain 
2PR = n ^ +gJ k 2 = Qk^+ {Q + nG)k 2 . 


Where k\=k 2 = k, discounting the weight of rollers we 
obtain 

P = Q^. 


Since the rollers relative to the load move to the side 

opposite to the direction of load motion, it becomes 

necessary repeatedly to replace the rollers, which are left 

behind as the load moves forward. This makes it 
inconvenient to transfer a 


load on rollers at a large 
distance or at a high speed. 

During the transporta- 
tion of a load on wheels 
(Fig. 154), the wheels are 
entrained by the loaded 
truck body, but since the 
wheels rotate on axles 



Fig. 153 
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which are connected to the load, then besides the forces of 
rolling friction between the wheels and plane duringthe mo- 
tion of the load the force of sliding friction between the 
wheels and axles on which the wheels rotate is also over- 
come. 

During the movement of a load with constant velocity 

the moment PR of force 
P, which should be con- 
sidered as applied at 
distance R from the 
plane along the line of 
action which is parallel 
to the plane, is being 
counteracted by: 1) mo- 
ment of the force of 
rolling friction (Q + 
-\-G)k, where G is the 
lotal weight of the wheels, and 2) moment of the force of 
sliding friction /rQ, where r is the radius of the wheel axles. 
We therefore obtain 



mm 

1 
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Fig. 154 


whence 


PR^{Q-\-G)k + lrQ^ 

n_ tO+G)fe+/rQ . 

R 


discounting the wheel weight, we obtain 

p = Q = Qfeo, 

where dimensionless magnitude ko is called the pull 

factor. . ^ 11 - 

The desirability of replacing sliding friction by rolling 

friction in bearings of shafts and axles led to the creation 

of various designs of antifriction bearings, which are 

widely used in modern engineering. . . . 

We proceed to the sliding bearing from load A wnic 

slides along plane P (Fig. 155); by giving the 
faces of the load and plane cylindrical forms (Fjg- ^ 
instead of the load we obtain a bearing surface of a s a 
or axle, i. e. journal /. and instead of the plane we obtain 
surface P of the sliding bearing. An antifriction bearing 
can be obtained in similar manner from load / which moves 
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on rollers R on plane P (Fig. 157), in this case also giving 
the bearing surfaces cylindrical shapes (Fig. 158). Since 
the coefficient of rolling friction is less the harder Ihe 
materials of the rolling bodies (in bearings the balls or 
rollers) and elements, on the surface of which rolling takes 
place, for this and other reasons the 
antifriction bearings are manufac- 
tured from hard materials in the shape 



Fig. 155 



Fig. 156 


of two rings with balls or rollers in between. In order to 
maintain the distances between the rolling bodies during 
their rolling on the ring surfaces invariable, in modern 
bearings the rolling bodies are separated from each other 
by means of special elements, known as cages. 

In the USSR antifriction bearings are manufactured in 
large and mechanized plants and are produced on a mass 
scale. A great variety of types, designs and sizes of anti’ 
friction bearings is standardized. 

Fig. 159 shows a standard design of a radial bearing, 
i. e. a bearing which is designed for absorbing loads in the 
radial direction; these bearings can 
absorb loads also in the axial direc- 
tion, approximately 1.5 times less than 
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Fig. 158 


the radial. Fig. 160 shows one of the standard designs of 
a thrust bearing, i. e. a bearing which is designed for 
absorbing loads in the axial direction; these bearings are 
completely unsuitable for absorbing radial loads. In 
Figs. 159 and 160 the cages are marked by letter C. 






The coefficient of rolling friction in antifriction bearings 
amounts to about one micron. 

^Example L The bar, which slides in guides A and B 
(Fig. 161) located at distance / from each other, is under 
the action of force P applied at distance / from guide A at 
angle a to the bar axis. The coefficient of friction of rest 
between the bar and guides is fo = 0.2. Determine the 
maximum angle a at which motion of the bar in the guides 
can develop. 



Fig. 159 Fig. 160 


We resolve force P into forces P cos a and P sin a. The 
first of these forces is a driving one, the other, braking, 
which creates in the guides pressures Pa and Pb in the 
direction perpendicular to the bar axis, generating the 
forces of friction which counteract the force P cos a. 

From the equations of moments relative to B and then 
relative to A we find that guide A presses on the bar with 
force PA = 2Psina, which in Fig. 161 is directed 
downwards, and guide B presses with force PB = Psina, 
which is directed upwards. Both forces Pa and Pb generate 
a total force of friction in the guides which is equal to 
3/P sin a and the reacting force P cos a. For the possibility 
of motion it is necessary to observe the condition 


P cos a>3foP sin a. 


Whence 


tan a< 


1 ^ 1 
3/o ” 0.6 



a <59°. 

Example 2. Load Q,= 10 kg (Fig. 162 ), whichjies on 
an inclined plane with the angle of inclination a\ ^ ^ 
connected by a flexible cord that is flung over the pu ey 
with load Qz, which lies on the inclined plane with an 
angle of inclination a 2 = 45°. Discounting the stiffness o 
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the cord and resistance by friction in the pulley bearing, 
determine the magnitude of load Q2 at which both loads 
will be stationary. Coefficient of friction fo of rest between 
the loads and the inclined planes should be taken as 0 . 2 . 

We resolve the weight Q of each load into force Q sin a, 
which is directed parallel to the inclined plane downwards 
and into force Q cos a, which is directed perpendicular to 
the inclined plane. 

So that load Qi is unable to move downwards and 


i—ir 

I — I — 
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entrain load Q2 along the plane upwards, it is necessary 
to observe the condition 


Qi sin ai — Qi/o cos ai^Q2 sin a2 + Q2/o cos a2, 
whence 

sin tti— /o cos a\ 
sin a2+/o cos a2 



So that load Q2 is unable to move on the plane 

downwards and entrain load Qi, it is necessary to observe 
the condition 


Q2 sin a2 — Q2/0 cos a2^Qi sin ai + Qi/o cos aj, 
whence 


Q2^Qi 


si n ai+fo cosai 
sin 02— fo cos 02 


Therefore, the magnitude of load Q2 must not exceed the 
limits 


Q sin Oi +fo cos oi 
sin 02— fo cos 02 



sin Oi— /o cos 0| 

sin 02+fo cos 02 * 
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After substituting the given magnitudes and making 
calculations, we obtain 

1 1.89 kg^Q2^3.86 kg. 

Example 3. The V-shaped slider weighing 100 kg moves 
along horizontal guides (Fig. 163). The slider edge angle 
2y = 60°. The coefficient of sliding friction between the 
slider and guides is f = 0.2. Determine the magnitude of the 
driving force P, which is directed parallel to the guides, at 



slider motion with constant velocity and 
4.9 m/sec.^ 

The imaginary coefficient of friction 



sin 30° 


= 2/ = 0.4. 


acceleration 


The force of friction 

F= 100 kgX0.4 = 40 kg. 

The force which is required to maintain constant veloc- 
ity of motion 

p = f^40 kg. 

The slider mass 

m = ^ kgXsecVm- 

The force which is required for slider motion with 
acceleration 4.9 m/sec^ 

p = /r + 4.9m = 40 + 4.9^ =90 kg. 
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Example 4. The driving friction wheel of diameter 

Di = 300 mm (Fig. 164) and number of revolutions per 

minute ni = 300 transmits power A^ = 4 HP to the driven 
wheel of diameter D 2 = 450 mm. The coefficient of friction 
at the place of contact 
of the wheel rims \s> Q q 

f = 0.2. The shafts, on 2 T 


of the wheel rims Q q 

f = 0.2. The shafts, on 2 T 

which the wheels are -r — I— 1 I 

set, rotate in bearings f I J i 

40 mm in diameter. J=i. 

The coefficient of fric- i ^ ^ 

tion in the bearings of J 

the shafts is fi = 0.08. m 

Determine the loss of 

power due to friction in c, ^ 

the shaft bearings for ^ ^ ^ 

wheels with cylindrical 

rims and wheels with p 

F-grooved rims. * * 

The edge angle of /r,^ p-g ,q- 

the V'grooved rim is 
2 y = 30" (Fig. 165). 

The angular velocity of rotation of the driving wheel 


^ /TTTT 


/TTTT 


2/ 


Fig. 164 


Fig. 165 


C0i = 


nrX] 

lo 


jiX300 

“30“~ 


= 31.4 sec“h 


At power A^ = 4 HP = 4X75 kgm/sec = 300 kgm/sec 
torque on the shaft of the driving wheel 

M = 300 kgm/sec/31.4 sec"’ = 9.55 kgm. 

The turning force 


the 


P = 9.55kgm/^ =63.7 


64 kg. 


The force with which the wheels must be pressed to 
each other in cylindrical rims 

<3-7-^ 

Force S, which is absorbed by the bearings of each of 
the shafts, is a geometric sum of two components: the 
turning force and force Q. Since the lines of action of these 
forces are perpendicular to each other, then 

S = 1/P2 Q2 3202 _ 326 kg. 
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The force of friction in the bearings of each of the 
shafts equals 

5/ = 326 kgX0.08 = 26kg. 

The moment of the frictional force in the bearings of 
each of the shafts 

40 

26kgX ^2 mm = 520 kgmm = 0.52 kgm. 

The angular velocity of rotation of the driven wheel 

W 2 =:a)igi =31.4X =20.9 sec-'. 

Loss of power at friction in the bearings: 
of the driving shaft 

0.52 kgmX3L4 sec"' = 16.3 kgm/sec; 

of the driven shaft 

0.52 kgmX20.9 sec~' = 10.9 kgm/sec. 

With V-grooved rims of wheels the imaginary coef- 
ficient of friction 

f'= — L = =3.84f = 3.84X0.2^0.77. 

Sin Y sm 15 

With this coefficient of friction the required force of 
compression is 

Q= = ^ =83.5^84 kg. 

The force which is absorbed by the shaft bearings 

5 = y642-f-842 = 1 06 kg. 

Since the loss in power on friction in the shaft bearings 
is proportional to force 5, the loss in power in shaft 
bearings will be less in the case of V-grooved rims than 

with cylindrical rims, by 326/106 — 3 times. 

Note. Despite the advantage, which follows from the 

given comparative calculation, of friction wheels 
V-grooved rims over wheels with cylindrical rims, the 
friction drive with grooved wheels is widely used only in 
instruments which are designed to transmit low power, 
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and is seldom used in power plants. This is because the 
relative sliding of V-grooved rims with accompanying wear 
cannot be eliminated: only the contact points of the rim 
surfaces, which lie on the pitch circles, do not slide 
relative to each other. 

Example 5. Elements A and B (Fig. 166) are joined by 
a bolt. The diameter of the hole for the bolt is slightly 
(by 1-2 mm) larger than the bolt diameter. The major 
thread diameter of the bolt is d = 20 mm, the mean diameter 
of the thread is dmpa?i=18.4 mm, the pitch s = 2.5 mm, and 
angle of the thread at the profile apex 2p = 60°. The bolt is 
tightened by a spanner with force Po = 20 kg, which has 
been applied to the spanner at distance / = 250 mm from 
the bolt axis. The coefficient of sliding friction on all 
friction surfaces is f = 0.2, the coefficient of friction of rest 
is fo“0.25. The resultant of elementary forces of friction on 
the contact surface of the nut and element A is to be taken 
as applied on a circle with diameter Z) = 30 mm. 

Determine: 1) by what force T, which is directed per- 
pendicular to the bolt axis, can elements A and B be moved 
relative to each other, and 2) what force has to be applied 
to the spanner at distance / from the bolt axis when 
dismounting the joint. 

The displacement of elements A and B relative to each 
other is prevented by the force of friction on the surface 
of their contact. The force of friction, which prevents 
displacement, equals Q/o, where Q is the force that presses 
the elements between 
the nut and bolt head. 

Exerting pressure on 
element A, the tightened 
nut with the same 
force, but directed to the T_ 
opposite side, stretches 
the bolt. 

The bolt is tightened 
by moment M = 20kgX 
X250 mm = 5000 kgmm. 

When tightening is ended this moment has been 
balanced: 1) by moment Pr, where P is the force on the 
mean radius of the thread, and r is the mean radius of the 
thread, and 2) by moment Qf/? of the forces of friction on 
the surface of contact of the nut and element A, where R 



, 1 

1 , 


Wm. 







mm 





u 
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is the mean radius to which the resultant of the elementary 
forces of friction is applied. 

Hence 

5000 = Pr+QfR = P-^ +QX0.2^°; 


5000 = 9.2P + 3Q. 


Since 


then 


P = Q tan (A, + cp'), 

5000 = Q[9.2tan (A + (p')+3] 


With pitch 5 = 2.5 mm and mean diameter of the thread 
djnean^ 18.4 mm 

2.5 


tan X = 


nX 18.4 


0.043, 


whence 


a = 2°30'. 


Where / = 0.2 and angle 2p = 60° at the profile apex of 
the thread, the imaginary coefficient of friction 


r= 


f 


0.2 


COS p 0.866 


0.23, 


and its corresponding imaginary angle of friction 


9 


' = arc tan 0.23= 13°00'. 


Hence 


tan (A, + (p0 (2°30'+ 13°) —0.277; 

5000 = Q(9.2X0.277 + 3)=5.55Q, 


whence 


Q=: 5000/5.55 = 900 kg 


Where fo = 0.25, we get the force T to equal 

7- = Q/o = 900X0.25 =225 kg. 

Where dismounting the joint the force whijh is 
applied to the spanner for unscrewing the nut at distance 
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1=250 mm from the bolt axis, creates the moment P ' > 

which overcomes the resistance: 1) of moment P'^, where 

is force on the mean radius r of the thread, and 2) of mo- 
ment QfR on the surface of contact of the nut and ele- 
ment A. 

In accordance with formula (10) 

P' = Q ian (cp^ -a), 

where cp^, the imaginary friction angle of rest, equals 
f;-arclan/,; = arclan =arctan =16"I0'. 

The magnitude of force P' will equal 

P' = 900tan(16"10'-2°30') =218.7^219 kg. 

Hence 

P;/ = PV + Qfo/?, i. e. 

Pq X250 = 219X9. 2 + 900x 0. 25X 15 =5390 kgmm, 

whence 

• Po =5390/250^21.6 kg. 

Example 6. Determine the force to be applied on a hoist- 
ing jack handle at a distance of 800 mm from its screw 
axis (Fig. 167) in order to 

lift a 2000-kg load with 
constant velocity, accord- 
ing to the following data: 

1) the screw thread is 
trapezoidal with the angle 
at the profile apex 2p = 30°, 
major diameter d = 50 mm, 
mean diameter dmcan = 

= 46 mm, pitch 5 = 8 mm; 

2) the coefficient of 
friction between nut and 
screw is f = 0.12; 

3) the coefficient of 
friction between the screw 
head and the non-turning 
head of the hoisting iack 
isfi = 0.2; 

4) the diameters of the 
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annular area of contact of the screw and hoisting jack 
heads: major D = 80 mm, minor Z)i=40mm. 

The lead angle K on the mean diameter 


tan K = 


8 


jid 


mean 


;iX46 


0.055; 




The imaginary coefficient of friction between the screw 
and nut 



0.12 
cos 15® 


= 0.124. 


The imaginary angle of friction 

(p' = arc tan f' = avctan 0.124 = 7°05^ 


The force P\ which has to be applied on the mean 
radius of the thread in order to overcome the weight Q of 
the load and the force of friction in the thread: 

P' = Qtan (;t + (p') =2000 tan (3°10' + 7W) =360 kg. 

The moment M' of force P' 

=360kgX^ cm = 828kgcm. 

The force F of friction between the heads of the screw 
and hoisting jack 

F = X <3 = 0.2X2000 = 400 kg 

(the insignificant weight of the head is neglected). The 
arm L of the resultant of elementary forces of friction 

2 D2 + £)Z),+Z)? 2 82+8X4 + 42 

2(Z)+V =3X 2(8+4 — 

The moment M" of force F 

M" = 400kgX3.1 cm=I240kgcm. 

The moment M which is required to lift the load with 
constant velocity: 

M = Af' + M"=828+ 1240 = 2068 kgcm. 
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The required force Po on the handle 

Po = Mil - 2068/80 = 25.85 ^ 26 kg. 

Example 7. Vertical shaft S (Fig. 168), which is under 
the action of force Q = 400 kg, rests with the inserted ring 
pivot P on the fixed cushion G of 
the gudgeon bearing. The pivot is 
inserted in the shaft by the conical 
tail with an angle at the cone apex 
2 y = 30°. The number of shaft 
revolutions per minute is n = 300. 

The coefficient of friction of rest on 
the surface of contact of the pivot 
and shaft is /o=0.2; the coefficient 
of sliding friction between the pivot 
and footstep pillow is / = 0.08. The 
dimensions of the contact surfaces 
are given in Fig. 168. Determine 
the loss in power on friction and 
find out if rotation of the pivot 
relative to the shaft is possible 
during shaft rotation. 

The force of friction on the 
surface of contact of the pivot and footstep pillow 

Qf = 400X0.08 = 32 kg. 

The arm R of the force of friction 

n 2 ,^302+30X10+102 ^ 

3 X ara =21.7«22mm. 

The moment of the force of friction 

= 32 kgX22 mm = 704 kgmm«0.7 kgm 



Fig. 168 


The angular velocity of rotation of the shaft 

nXn iiX300 a \ 

(0= — =31.4 sec’h 


30 


30 


The loss in power on friction 


13 — 1115 
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M/X(o = 0.7kgmX31.4 see"* -21.98^22 kgm/sec. 

The imaginary coefficient of friction of rest on the 
surface of contact of the pivot and shaft 

/o ""/o/sin Y = 0.2/sin 15°«0.77. 

The force of friction on the surface of contact of the 
pivot and shaft 

Qf; =400kgX0.77 = 308 g. 

With uniform distribution of the elementary forces of 
friction by the height of the contact surface of the pivot and 
shaft (which can be assumed when there has been suf- 
ficiently accurate processing of the surfaces of the solid 
and hollow frustums) the resultant of the elementary 
forces of friction can be considered as applied at an equal 
distance from the large and small bases of the conical 
contact surface, i. e. at a height of this surface, which 
equals 20 mm at a 10-mm distance from the lower base. 

The radius of the circles of the lower base equals 
25/2=12.5 mm; at a 10-mm height from the lower base the 
radius of cross section equals 

12.5— 10 tan 15°=9.9mm. 

The moment that is required for rotation of the pivot 
relative to the shaft equals 

308 kgX9.9 mm = 2999 kgmmj=:?3 kgm, 

exceeds the moment Afy=0.7 kgm of the forces of friction 
on the contact surface of the pivot and footstep pillow 
by 3/0.7 = 4.3 times. Hence, the possibility of pivot rotation 

relative to the shaft is exclud- 
ed. 

Example 8. A flexible 
body envelops three station- 
ary cylinders, as shown in 
Fig. 169. Load Qi = 100 kg is 
suspended at one end of the 
flexible body. Determine at 
what magnitude of load Q 2 , 
suspended at the other end of 
fig^ jsg the flexible body, both loads 

J94 






will be stationary. The coefficient of friction between the 
flexible body and cylinders is f — 0.32. 

The total angle of contact of all cylinders by the flexible 
body equals 3jt. By accepting the exponent in Euler’s 
formula to equal fa = 0.32X3ji«:3, we get the conditions 
for impossibility of motion downwards 

of load 

of load Q 2 ^Qi^. 

Hence, the magnitude of load Q 2 should be within the 
limits 

§ ^Q2^Q.e3. 

Having accepted e^ = 2.72^f=s20, we obtain 5kg^Q2^ 
^2000 kg. 
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Chapter VI! I 


MOTION AND WORK OF MACHINES 


35. EFFICIENCY 

The energy consumed by a machine is used to overcome 
useful and parasitic resistances. Those resistances 
for the overcoming of which the machine is designed 
are called useful resistances, for example, the 
resistance to cutting of metal in metal-working machines 
the weight of hoisted loads in hoisting machines, etc. 
Those resistances for the overcoming of which energy is 
spent that produces no productive effect are called 
parasitic resistances, for instance, resistance of 
the medium in which the motion of machine elements takes 
place (if the machine is not intended for moving the 
medium), the forces of friction. 

The greater the proportion of the energy consumed 
by a machine that is used for overcoming the useful resist- 
ances, the more efficient the machine. The degree of 
machine efficiency is characterized by the relation 


where Au.r is the work done by a machine to overcome 

the useful resistances; 

Ad is the work of driving forces or energy con- 
sumed by a machine; 
r\ is the efficiency. 

From its efficiency it is possible to assess the degree 
of perfection not only of a machine, i. e. of a more or less 
compound mechanical device, but also of any simple 
device, which is not a machine, but absorbs and delivers 
energy, for example, of furnaces of steam boilers, in wnicn 
the chemical energy of fuel is transformed into heat energy, 
of a steam line which serves for transmitting energy at 
a distance, of an inclined plane, etc. 
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In examining a machine or any given compound 
installation, consisting of a number of machines and 
various units, in which a loss of energy is found to take 
place, it is always advisable to determine not only the 
efficiency of the machine or the installation as a whole, 
but also the efficiency of its individual elements. For 
example, in an installation, which is designed for illuminat- 
ing premises and which consists of a power plant, cables 
and incandescent lamps, not only the efficiency of the 
entire installation may be of concern, but also the efficiency 
of the engine by itself, of the mechanism which transmits 
rotary motion from the engine to the generator, of the 
generator, of the network of electric cables which transmit 
energy from the power plant to the place of consumption, 
and, finally, of the incandescent lamps which transform 
electrical energy into energy of light. 

In all cases where energy is supplied to one part of 
a machine or of any compound device, and is then 
transmitted in turn from one part to another and is deliv- 
ered by the last part in the form required for practical 
utilization, the efficiency of the machine or of the device 
as a whole is equal to the product of efficiency of the 
individual parts. This can easily be seen from the following. 

If the device consists of n units, which act in such 
a way that the energy is transmitted from each of these 
units to the next, and if qi, q2> qa, . • ■ qn are the efficiency 
of the separate units, the first unit of the device consumes 
work done Ad, which is consumed by the entire device, 
whereas the last one, for overcoming the useful resistances, 

uses up work done ^u.r, which is consumed by the entire 
device. 

Denoting by Au A2, Az, . . . . An the amount of work 
done, which is delivered by different parts of the device, 
we get 



After multiplying the left side and the right side of 
these equations and reducing them, we get 

4 


T11XT12XT13X 




where tj is the efficiency of the entire device. 
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Most losses of mechanical power are due to friction. 
Let us find out what influence the forces of friction have 
on the magnitude of efficiency in some simple cases. 


A. Efficiency of the Inclined Plane 

If a body with weight Q (Fig. 170) is displaced upwards 
along the inclined plane with the angle of inclination K by 

force P, which is directed 
parallel to the inclined plane, the 
work done by the driving force 
will equal Ps, and the useful 
work done by force P is Qh, 
where s is the path of force P in 
the direction of its motion, and 
h is the lifting height of the 
body. Therefore 

Qh 
Ps' 

In moving the body force P overcomes the resistance 
of two forces: the component Q sin K of force Q in the 
direction parallel to the inclined plane, and force fQ cos A, 
of friction, which is stimulated by the component Q cos A of 
force Q in the direction perpendicular to the inclined 

plane. Therefore 

P = Q sin K-\~ fQ cos X, 



Fig. 170 


and since h = s sin X, then 


T1 


_ - 
L 


Qs sin X 


sin X 


Ps Qs (sin X +7 cos X) sinX+/cosX’ 


By substituting the coefficient of friction with the tan- 
gent of the angle of friction, we get the efficiency at lifting 

to equal 

sin X ^ sin X cos (P ^ 

sin X-f tan (j) cosX sin (X+(p) 

During motion of the body downwards the driving 
force is force Q and the resisting force is force P. There 

fore the efficiency at descent is 

Ps 

r]d€9C— Qfy • 


In this case P = Q sink — fQ cos X. Following from this 
and substituting 5 sin k for h and tan cp for f, we get 

_ sin X— f cos k __ sin (A,— qp) 




sin k 


sin X cos (p 


On a self-braking plane during downward motion 
within limit X = (p, T]desc = 0, which was to be expected. 

On a self-braking plane dur- 
ing upward motion at X = (p, in 
the best case 



sin X cos X r\ r 

The self-braking plane is 
very convenient for lifting a 
load on an inclined plane, be- 
cause in the intervals between 
actions of the driving force there 

is no necessity for appliances to maintain the load on the 
inclined plane. The result we have just obtained shows, 
however, that this convenient feature of the self-braking 
plane is obtained at a very high price. This also applies 
to different hand hoisting devices with self-breaking drives 
(for example, worm gears) . 

In lifting a load on an inclined plane the most expedient 
direction for the driving force is parallel to the inclined 
plane. Considering the screw efficiency and assuming the 
inclined plane as a developed helical surface, we must 
direct force P parallel to the base of the plane (Fig. 171). 

With upward motion in this case we get 

Qh 

P = Qtan (X + q)); h = s tanK\ 


’ll. 


tan X 


tan (X+qp)’ 


and with downward motion 


T1 desc 


Qh* 
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P = Qtan — h = stanK; 

tan (X— (p) 

UnX • 

Where A = q) (beginning of self-braking) , 

tan X 1 1 4.„„2 -i 

\.an2\ ~ 2 2^ 


i. e. the efficiency of the self-braking helical surface is 
always less than 0.5. 

Let us determine the maximum degree of efficiency at 
a given angle of friction. 

By differentiating the equation 

— tan X 
^ tan (X + tp) ' 


we get 



tan(X+(p)rf tan X — t an Xrf tan(X-hq)) 

tan2(XH-(p) 


tan(X-l-(p) 


(IK 


cos^X 


— tan X 


dK 


cos2(X-l-(p) 


tan^{X-+-(p) 


tan( X + (p) _ tan X 

dr\ cos^X cos^(X + (p) cot (X + (p) tan X , 

dX tan2(X + (p) ” cos^X sin2(X+(p) ' 

by equating the derivative to zero, we get 

cot(X + cp) ^ tan X 
cos^X sin^(X+(p) 


* 


Solving this equation, we get 

sin 2(X + (p) =sin 2X; 
sin 2(X + (p) =sin (180°— 2X); 
2(X + (p) = 180°-2X; 
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X=45°- 


Substituting value X in the original equation, we get 



The lead angle X, at which we get the maximum 
efficiency, is inconvenient in screws that transmit motion 
for certain reasons, which are discussed in the course on 
machine elements, and therefore in worm gears the 
angle X has to be much less. This, however, entails no ap- 
preciable reduction of efficiency below the maximum 
possible. Given proper lubrication of the worm and wheel 
gearing, which is always provided for in high-speed 
gears, the coefficient of friction in gearing is within the 
limits 0.02-^0.04; if we take / = 0.03 and therefore the angle 
of friction is q)=r34', then at different values of X the 
degrees of efficiency, which are determined by equation 

__ tan X 
^ ” tan X(X + (p) * 

are 

X = 20° 25° 30° 35° 40° 45° 

t] = 0.914 0.927 0.934 0.939 0.941 0.942. 

It is clear from these data that even a considerable 
change in angle X reduces the efficiency of gearing only 
insignificantly. 


B. Efficiency of Linkages 

Determining the efficiency of a linkage consists in 
calculating how much energy is used for overcoming the 
forces of friction in joints (turning pairs). 

If reaction in the joint is Q, the force of friction is 
F = /Q, and the moment of the frictional force at diameter d 
of the journal equals 
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If the angular velocity of rotation of one of the links in 
a turning pair relative to the other is the power of 
the force of friction 




Therefore in order to determine how much energy is 
lost in the joint through friction, it is necessary to know 
the reaction in it, the coefficient of friction, the journal 
diameter and the relative angular velocity of rotation. 

Reactions in joints are determined during the combined 
static and inertia-force analysis of the mechanism. The 
relative velocities can be determined by the velocity 
diagram. 

Fig. 172, a shows a diagram of a four-bar mechanism, 
and Fig. 172,6 the velocity diagram for this mechanism. 

For joint A 



where oi is the angular velocity of rotation of link AB; 

1] is the length of link AB; 

Pu is the scale of the velocity diagram. 

Proceeding to joint B and using the velocity diagram, 
we ascertain: 

1) the direction of vector ba shows that point A and, 
consequently, the entire link AB relative to point B rotates 
(in the instant corresponding to the position of the links 


as shown in Fig. 172) 
clockwise; 

2) point C of link BC 
and, consequently the 
entire link BC relative to 
point B rotates in the 
direction which is indicated 

by vector be, i. e. counter- 
clockwise. 

Therefore the kinematic 
pair element B, which is 
rigidly connected with link 
AB, rotates relative to the 
other element of the same 
pair, which is rigidly 
connected with link BC, 



c 
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with angular velocity wb, which is equal to the sum of the 
angular velocities of links AB and SC, i. e. 


0)B = (i)i +0)2 — 


ba 



where coi and (02 are the angular velocities of rotation of 
links AB and SC; I2 is the length of link SC. 

Point S relative to point C rotates in the direction of 

vector cb, and therefore link SC relative to point C rotates 
counter-clockwise. Point D relative to point C rotates in the 

direction of vector cd, and therefore link CD relative to 
point C rotates clockwise. It follows that the element of 
kinematic pair C, which is rigidly connected with link SC, 
relative to the other element, which is rigidly connected 
with link CD, rotates with angular velocity wc, which is 
equal to the sum of the angular velocities of links SC and 
CD, i. e. 


(i)^ = (i)2 + 0)3 — 



where 0)3 is the angular velocity of rotation of link CD; 
I3 is the length of link CD. 

Since link AD is fixed, the kinematic pair element D, 
which is connected with link CD, relative to the element 
which is connected with link/lD, rotates with angular veloc- 
ity 0)0, which is equal to the angular velocity of 
link CD, i. e. 

cd 

o)d = (03= ~r~ p<u- 

*3 


After determining in this way the amount of energy 
used for overcoming the forces of friction in links at 
various positions of the mechanism, we can plot by points 
the curve A^/ = /(cp), where cp is the angle of rotation of 
the crank. 

On determination of the magnitude of the mean ordi- 
nate of this curve, which expresses in the course of one 
cycle the mean energy * used to overcome the 

forces of friction, the efficiency will be 

„ _ (A^/) mean 

^ — Iv ’ 

where N is the energy consumed by the mechanism. 
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The efficiency should, of course, be determined only for 
the period of steady motion. 

The efficiency of mechanisms which include, besides 
turning pairs, also sliding pairs and higher pairs can be 
determined in a similar manner. 

It sometimes happens that mechanical devices consume 
mechanical energy and perform their functions without 
overcoming any useful resistances, but use up all the 
energy consumed to overcome parasitic resistances. For 
example, the force applied to a conveying device in moving 
the load by a certain distance in a horizontal direction 
performs necessary and therefore useful work which, 
however, cannot be expressed by any other magnitude than 
zero, since during the entire period of load moving only 
parasitic resistances are being overcome; the motive force 
applied to a clock mechanism, heaviness of the weight or 
pressure of the wound spring, performs necessary and 
therefore useful work in moving the hands, but does not 
overcome any useful resistances in this process. 

From what has been said it follows that the term “useful 
work” had a conditional meaning and that from their 
efficiency we can assess the degree of perfection only of 
those devices, which cither transform one kind of energy 
into another, or transmit energy from one point to another. 
The following are examples of devices which transform one 
kind of energy into another: an internal-combustion engine, 
in which chemical energy of fuel is first transformed into 
heat energy and then into mechanical energy; an electric 
current generator, which transforms mechanical energy 
into electrical energy; an electric motor, which transforms 
electrical energy into mechanical energy. 

Examples of devices which transmit energy from one 
point to another are the following: a steam line, an electric 
wire, a shaft with two pulleys, which rotates in 
bearings, etc. 

Conveying devices, which move loads in a horizontal 
direction, and also certain other instruments, do not use 
energy to overcome useful resistances. The degree of per- 
fection of such devices can be assessed by different indices, 
but not by efficiency, which for such devices is zero or 

very near zero. 


36. EQUATION OF THE MOTION OF A MACHINE 

When a machine operates all the points connected with 
its moving elements move along closed paths with different 
velocities and accelerations at different positions. When 
the machine is operating steadily, the velocities and 
accelerations of all points are repeated at fixed intervals 
of time with the same magnitude and direction. For 
example, during crank rotation with constant angular 
velocity the machine operation will be steady, since the 
velocities and accelerations of all points of the links will 
change according to definite laws in the course of every 
revolution of the crank. The duration of the cycle, during 
which the velocities and accelerations change according to 
definite laws, may be greater than the time taken by one 
revolution of the crank: the crank may also rotate 
with variable angular velocity, which changes according to 
definite law in the course of two or more revolutions. 

The operation of a machine from the moment it is set 
in motion up to the moment of stopping can be divided 
into three periods: starting period, period of steady motion 
and stopping period (running out) . 

In the starting period work done Ad by the driving 
forces, which is consumed by the machine, is used to over- 
come the useful and parasitic resistances and to transmit 
kinetic energy to the moving parts. The equation of 
machine motion in relation to any given time interval (for 
instance, to one revolution of the crank) for this period 
takes the form 


Ad = Ar + 



where Ar is the work done by useful and parasitic 

resistances; 

m is the mass of the material point of the 

moving link; 

V and Vo are the velocities of the material point at 

the end and at the beginning of the 
interval under examination; 

is the kinetic energy of all material 

points of the moving links at the end of 
the interval; 
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is the kinetic 


energy of all material 


points of the moving links at the 
beginning of the interva . 

In the starting period the motion of the machine is 
irregular. 

In the period of steady motion the velocity of every 
material point at the final moment of the cycle is equal to 
the velocity at the initial moment of the cycle, since the 
final moment of the preceding cycle coincides with the 
initial moment of the following one. Therefore the factor 
in brackets in the right-hand side of the above equation is 
zero, and the equation for the period of steady motion takes 
the form 



This means that in the period of steady motion the work 
of the driving forces is used for overcoming the useful and 
parasitic resistances. 

The period of running out begins, when Afi<Ar, in 
particular, from the moment when the driving forces cease 
to work. When /ld = 0, motion continues for a certain time 
owing to the kinetic energy stored by the moving elements 
of the machine. Since in this case the velocities of all 
points decrease gradually, the factor in brackets in the 
above equation becomes negative. By transferring it to the 
left side of the equation, we obtain the equation of motion 
for this period in the form 

2j ~2~ 

This means that in the period of running out the kinetic 
energy of the moving elements of the machine is absorbed 
by the work of the useful and parasitic resistances. 

The application of the above equations for the solution 
of practical problems is frequently inconvenient, since the 
forces in action are applied to different links with differen 
masses. In order to simplify the problems connected with 
the solution of these equations, methods are used whereby 
all forces and masses are reduced to one link. After such 
reduction the dynamic study of a machine consists in t 
examination of one link, called the link of re u 

tion. 
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37. REDUCTION OF FORCES 

The energy, which must be constantly supplied from 
external sources to the driving link in order for the 
mechanism to function in accordance with specified law 
is determined by the joint action of all the forces applied 
to different links of the mechanism. If the magnitudes, 
directions and points of application of the forces acting on 
different links are known, the problem of determining the 
energy which has to be supplied to the driving link can be 
solved, since the velocities of the points of application of 
forces, which are necessary for the determination of the 
energy, can be obtained from the velocity diagram. For 
the solution of this problem, all the forces acting on the 
mechanism are replaced by one force, applied to the driv- 
ing link, the energy of which is equal to the sum of energy 
of all the forces acting on different links. 

This force is called reduced. 

The magnitude of the reduced force is calculated in 
accordance with its specified direction and the specified 
point of its application. The point of application of the 
reduced force is called the point of reduction. 

The problem of determining the reduced force is solved 
simply and precisely by using N. E. Zhukovsky’s theorem 
of the lever. 

Zhukovsky’s theorem. The sum of the moments of all 
the forces acting on the links of the mechanism (includ- 
ing the force of inertia), transferred parallel to themselves 
at analogous points of the velocity diagram, which is turned 
through 90°, relative to its pole is zero. 

This theorem can be proved on the basis of the principle 
of possible displacements, according to which the sum of 
elementary work done by all the forces acting on the 
system (including the force of inertia) on the possible 
displacements for the system is zero. 

For a mechanism, the motions of whose links are 
determined by the motions of its driving link, the 
mathematical expression of this principle will take the 
form 

Pidsi cos a\ + P 2 ds 2 cos a 2 + . . . + PndSn cos an = 0. 
or shorter „ 

2 PidSi cos ai = 0, 

1 
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where P,- denotes the forces; 

dsi — the infinitely small displacements of the 

points of application of forces; 

— the angles between the directions of forces 
and the directions of displacements of the 
points of application of forces. 

After dividing both parts of the equation by infinitely 
small time interval dt, in the course of which the 
displacements are accomplished, we get 

n n n 

2 & cosai= ^PiVi cosai = 2 = 

11 I 

where Vi denotes the velocities of the points of 

application of forces P,-; 

^icosai — the projections of velocities of the same 

points on the line of action of forces P,-; 
Ni — the powers of forces P,-. 

Fig. 173, a and b shows the diagram of link BC with 
the vector of force P,-. which is applied at point /, and the 
velocity diagram of the link with the vector of force P,- 
turned through 90°, the force being transferred parallel to 
itself at point I of the diagram. 

- Using the velocity diagram, turned through 90°, the 
power of force Pi can be expressed as follows: 

Ni = PiVi cos ai = Pi {pi) pv cos ai = Pihip^, 

where hi is the perpendicular which is drawn from pole p 

to the line of action of force Pu 
Pu is the scale of velocity diagram. 

The angle between pi and hi is a,-, since/?/ Lv-j and 

hiLPi. 

Since the equation above is true for all forces Pu h 
follows that: 

Ni = '^Pihi[iv = \^v'^Pihi = 0, 

1 1 

and since py^O, then 

1 

which is proof of the theorem. 
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By applying Zhukovsky’s theorem it is easy to determine 
the force, which has to be applied to the driving link at the 
specified point and on the specified line of action in order 
to balance all the forces acting on different links of the 
mechanism. This problem comes down to the determining 
of the moment, which 
balances the moments of 0 

the forces applied to the 
lever, which in accordance 
with Zhukovsky’s theorem 
can be considered as the 
velocity diagram turned. 

We shall explain this 
by example. 

Let forces P 2 and P 3 . 
applied at points E and F, 
act on links BC and CD of 
the mechanism which is 
shown in Fig. 174, a. In 
determining these resultant 
forces the forces of inertia 
have been taken into con- c 

sideration. Determine the 
force P, which in the posi- 
tion of the mechanism as 
shown in Fig. 174, a 
should be applied at point 
B perpendicular to driving link AB in order to balance 
forces P 2 and P 3 . The link AB rotates clockwise with un- 
known angular velocity. The scale of the mechanism dia- 
gram is unknown. 

We plot the velocity diagram to an arbitrary scale, 
which it is impossible to determine, since neither the 
angular velocity of rotation of link AB, nor its length are 
specified. On the velocity diagram (Fig. 174,6) we draw 

vectors pe and pf of velocities Ve and Vp, 

We turn the velocity diagram through 90° (Fig. 175) 
and at points e and f we transfer from the mechanism dia- 
gram the vectors of forces P 2 and P 3 parallel to themselves. 
We draw from pole p the perpendiculars 62 and 63 to the 
line of action of forces P 2 and P 3 . 

Considering in accordance with Zhukovsky’s theorem 
the turned velocity diagram as the lever, which is rotated 




14 — 1115 
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by moments ^ 2^2 and and considering that the 

unknown force P must be applied at point B of the mecha- 
nism perpendicular to link AB and therefore at point b 

of the turned velocity diagram perpendicular to nb , we 
shall get the equation of moments in the following form: 

P (pb) = P 2^2 + P 

whence the magnitude of the balancing force is found to be 

p _ ^ 2^2 +^3^3 

pb 

In Fig. 175 the balancing force P must create a moment, 
which rotates the turned velocity diagram clockwise, but 
rotates the reduced force Pn, which is equal to it in magni- 
tude, but opposite to it in direction, counter-clockwise. 

From what has been said it follows that: 1) in order 
to determine the reduced force there is no necessity to 
take into consideration the dimensions of the links, but 
only to know their relative lengths and their relative posi- 


Fig. 174 



tion, and 2) the velocity diagram can be plotted to an 
arbitrary scale, since in the expression of 'Ofce are 
included not the lengths of perpendiculars whjeh depend 

force P, and these relations do not depend 

In determining the magnitude of force .u. 
transferred on the turned velocity diagram only ‘Je act ve 
forces Pa and P3, while the reactions in the kinematic pairs 
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have not been transferred. This was done because the reac- 
tions in pairs A and D would have had to be transferred at 
the pole of the turned velocity diagram, so that each of the 
moments of these forces would have been obtained as zero. 
As for the reactions in pairs B and C, we would have had 
to transfer from each of these 
pairs two equal forces, opposite 
to each other in direction, to the 
same point of the turned veloc- 
ity diagram, one force acting 
on one link of the pair, and the 
other acting on the other, so 
that the total moment of these 
forces would have been obtained 
as zero. 

If the dimensions of the 
mechanism links are known, 
then from the magnitude, direc- 
tion and point of application of 
the reduced force it is possible to determine the balancing 
moment, which is created by the engine, and also the 
■instantaneous power of the engine, if the angular velocity 
of the driving link is known. After the instantaneous 
powers of the engine for various positions of the driving 
link are determined and the diagram is plotted, we can 
determine the mean power of the engine during one revolu- 
tion of the driving link, or during one cycle, if the cycle 
continues for more than one revolution. The thus determined 
mean power of the engine will be the power which is 
used for overcoming the useful resistances. In order to 
obtain the total power, it is necessary to add to the power 
used for overcoming the useful resistances, the power that 
is used for overcoming the forces of friction in kinematic 
pairs. 

It should be remembered that the reduced force is a 
conditional force. Since the reduced force is a force under 
the action of which the mechanism power is equal to the 
power of all the forces applied to it, and since the 
magnitude of the reduced force is determined not only by 
the forces acting on the mechanism, but also by its point of 
application and the line of action, the magnitude of the 
reduced force can be used only in solving those problems 
of the dynamics of a mechanism which are connected with 
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the determination of the powers or amount of work done. It 
would be a mistake, for instance, to determine the reac- 
tions in kinematic pairs or to calculate the wear resistance 
of a link to which the reduced force is applied, proceeding 
from the magnitude, point of application and direction of 
the reduced force. 


Example. For the mechanism shown in Fig. 124, a 
determine the magnitude and direction of the force reduced 
to point B, whose line of action is perpendicular to 
link AB. 

In Fig. 124, a we extend the lines of action of forces P 2 
and Pa up to their point of intersection with links BC and 
DE, and mark the points at which these forces are applied 
to the links. Force P 5 is applied at the point coinciding with 
the centre of oscillation O 5 , force P3 is applied at point C. 
Fig. 176, a shows the mechanism, presented in Fig. 124, a 
with forces P2, P3, P4, and P5, which are applied at points 
N 2 , C, Na. and A^s. Force P\ is directed along link AB. 

Fig. 176, b shows an exact copy of the velocity diagram, 
shown in Fig. 124, b. 

We determine the positions of points 1 x 2 , riA and on 
the velocity diagram, leaving the velocity diagram in the 
form in which it was obtained in Fig. 124,6. Then we 
transfer to these points the vectors of forces P 2 , P4 and P5, 
and to point c the vector of force P3, parallel to themselves, 
turned preliminarily through 90^^ counter-clockwise. 

By drawing the arms 62 . 64 and 65 of the forces P 2 , Pa 
and P 5 , we arrive at the equation relative to point p in the 
form 

Phaipb = P 2^2 + P zpc — P 464 — P 565 , 


where Ptai is the magnitude of the force, applied at 
point 6 , which balances the action of the other four 
forces. 


I 


mm, 


The magnitudes of the forces (see p. 

P 2 = 18 kg, P 3 = 17.5 kg, P 4 = 15.6 kg, P 5 = 7 kg. 

The lengths of the arms are: 62 = 17 mm, pc = 39 
64 = 4.5 mm, 65 = 17 mm, pb^39 mm. 

Substituting the numerical values, we get PbaiX 
X39 mm=18 kgXl7 mm+17.5 kgX39 mm— 15.6 kgX 
X4.5 mm — 7 kgX 17 mm, whence Pbai=20.4 kg. 

The total moment of forces P2, P3, Pa and P5 tends to 
rotate the velocity diagram about pole p counter-clockwise, 
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therefore force Ptai which is applied at point b and direct- 
ed perpendicular to pb must create a moment which rotates 
the velocity diagram clockwise. Consequently, P^ai must be 
directed from point b downwards and to the right, and the 
unknown force Pr from point b upwards and to the left. 

After turning all the forces through 90° clockwise and 
transferring them parallel to themselves at the points of 
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their application on the mechanism links, we obtain them 
and the unknown force Pr in the form, shown in Fig. 176, a. 

The forces P^ Fei and Pes were not taken into 
consideration, since the latter two would have had to be 
applied at pole p, and the vector of force Pi, after being 
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turned through 90°. would have been directed along line 
pb and therefore would not create the moment relative to 
point p either. 

38. REDUCTION OF MASSES 

The masses of all links can be reduced to a specified 
point on a specified link in the same way as forces acting 
on the mechanism. It is most convenient to reduce both 
the forces and the masses to the same point of one link, 
and this is the usual practice. 

A reduced mass is called a conditional mass 
concentrated at one point of the mechanism and its kinetic 
energy is equal to the sum of the kinetic energy of the 
masses of all links of the mechanism. The point at which 
the reduced mass is assumed to be concentrated is called 
the point of reduction. The link on which the point 
of reduction is located is called the link of reduc- 
tion. 

The method of determining the magnitude of the re- 
duced mass follows from its definition: we have to add the 
kinetic energy of all links and divide the sum obtained by 
half the square of the velocity of the point of reduction. 
If Ti, T 2 . T 3 , . . . , Tft are the kinetic energies of the links, rrir 
is the reduced mass, Vr is the velocity of the point of reduc- 
tion, then 


7'i-}-7'2+7*34‘ ... -\~T h 



In order to calculate the magnitude of the reduced mass 
we have to know: 1 ) the lengths / of the links of the 
mechanism; 2) the masses m of the links; 3) the moments 
of inertia J of the links relative to the axes, which pass 
through the centres of gravity, and 4) the positions of the 
centres of gravity 5. The magnitudes and directions of 
the angular velocities of the links do not come into 
consideration. 

Let us determine the magnitude of the mass reduced 
to point B of the mechanism, shown in Fig. 177. g. We 
assume that we have at our disposal the data mentioned 
above. By lower indices we will indicate which magnitude 
relates to which link. The number of links is given in 
Fig. 177,a. 
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We plot the velocity diagram to an arbitrary scale, 
assuming that the angular velocity of rotation (oi is direct- 
ed clockwise (Fig. 177, b). For the solution of the problem 
in hand the direction of angular velocity is of no 
significance, since the lengths of the vectors on the velocity 
diagrams, plotted for different directions of angular velocity 
(Oi, are identical, and all the vectors on one diagram will 
be opposite in direction to the corresponding vectors on the 
other diagram. The directions of the linear and angular 

velocities do not come into consideration in determining 

% 




the magnitudes of kinetic energy, since in the expressions 
and J ~ the squares of the velocities are included. 

The kinetic energy of link / is 


r,=/ 


U) 


1 


where Ja is the moment of inertia relative to axis of rota- 
tion A, 


Since 




then 




ASi 


Link 5, like link 1, performs rotary motion, so that we 
obtain similarly 


to? to? 

^3 = /3— +OT3/2 

■ 2 ^ 2 
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The compound motion of link 2 can be considered as 
translation with centre of gravity S 2 and rotary motion 
about it. By resolving the motion of link 2 into these two 
motions, we get 


V 


7'2 = m2 — — +/ 


Q) 


The reduced mass to point B will be 



ri + rg+T-a 
0 . 5 wb 



Substituting 

i;b=(p6)pi., Usj=(P52)p„, o)i 


Pb 

— fAtJP 

n 


be pc 

(02 CO3— ■— |lu, 

h h 


where is the unknown scale of the velocity diagram, we 
reduce the above equation to the form: 





l 


\ 




The expression of the reduced mass does not include 
the magnitudes of angular accelerations of the links or 
the scale of the velocity diagram. As multipliers the last 
three factors on the right-hand side comprise the relations 
of the vector lengths of the velocity diagram, but not the 
absolute lengths of these vectors. The velocity diagram 

can therefore be plotted to any scale. 

The magnitude of the reduced moment of inertia Jr 

equals 

Jr=mrlf, 

Example 1. For the mechanism, which is shown in 
Fig. 124, a, according to the data given on p. 147, deter- 
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mine the mass reduced to point B from the masses of links 

BC, Z)£, and the slider. 

We determine the kinetic energies of the links. 

The compound motion of link BC (link No. 2) we con- 
sider as translation with the centre of gravity S 2 and rotary 
motion about it. In accordance with this we get 

v\ t«2 

T2 = m2X-f+J2Y- 


The kinetic energy of the slider 
performs translatory motion, equals 


Tz = m2 



(link No. 3), which 


The compound motion of link DE (link No. 4) we con- 
sider as translation with the centre of gravity S 4 and rotary 
motion about it. Therefore 





The moment of inertia Jef of link EF (link No. 5), 
which performs rotary motion, equals 

2 


The kinetic energy of link EF is 

to? 

^5= • 


The kinetic energy of all the four links equals 

m2vl^+J^wl+m3vl+mtvl^+JiUjl+ (■/ 5 +'” 6 //= 5,)<0 5 

2 

The moments of inertia relative to the axes, which pass 
through the centres of gravity, are given on p. 147, the 
masses of the links on p. 152. In order to determine the 
velocities of the centres of gravity we use the velocity 
diagram plotted in Fig. 124,6, a copy of which is given in 

217 



Fig. 178. After we have determined the positions of points 
S 2 , S 4 _and Ss on the diagram, drawn the vectors ^ 2 , 
and pss, and mea^red the lengths of these vectors, and 
also of the vectors pc, we get 



Fig. 178 


Vs^ =ps 2 ]Xv = 38 mm X 0.04 m/sec X 
X mm= 1.52 m/sec; 

Os, =ps 4 p„ = 47 mm X 0.04 m/sec X 
X mm= 1.88 m/sec; 

Os, = ps 5 pu = 23.2 mm X 0.04 m/sec X 
X mm = 0.93 m/sec; 

Vc =pcn„ = 39 mmX0.04 m/secX 
X mm= 1.56 m/sec. 

The angular velocities of rotation 
of the links: 

_ bc\iv .19.5mmX0.04 m/secXmm 

‘bc '~! 

= 4.3 sec“’; 



28 mmX0.04 m/secXmm 
0.18 m 


= 6.2 sec"'; 


^5 


_ peiit, 58 mmX0.04 m/secXmm no n i 

^ ~ ~ S0C » 


/ 


EF 


0.1 m 


Substituting these values, we get 7' = 2.85 kgm 


At the same time T = mR 


V 


B 


Taking into consideration that the velocity of point B 
t/B= 1.57 m/sec (see p. 147), we get 2.85 = 0.5 n\R 1.57^ 
whence mR = 2.32 kgXsec^m. 

The reduced moment of inertia /B = //2fl/^B=2.32X 
X0.052 = 0.0058 kgXmXsec^. 

Example 2. Fig. 179 shows the pitch circles of three 
engaged toothed wheels whose respective numbers of teeth 
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are: Zi = 20, Z 2 = 30, and Z 3 = 40. The moments of inertia of 
the wheels in kgXmXsec^ are: /i = 0.01, y 2 = 0.0225, 
/3 = 0.04. Determine the moment of inertia Jr reduced to the 
shaft of wheel 1 from the masses of all toothed wheels. 

The angular velocities of rotation of the wheels are 
inversely proportional to the numbers of their teeth. We 
shall express the angular velocities of rotation of wheels 2 
and 3 through the angular velocity of wheel 7: 


0)2= 0) I 


^2 ^30 1 . 6 ' 


(i)3 = C0i 





The kinetic energies of the wheels; 

( 0 ? 

ri-/, -^ = 0.5X0.01 Xwf kgXm; 

2 

2 

7'2 = y2— = 0.5X0.0225 xf*^ 1-0.5 X 0.0 IX of kgXm; 

2 \ 1 . 5 / 

|^=0.5X0.01X(o2kgXm. 


7’3 = /3— =0.5X0.04 X 
2 ^ 



The kinetic energy of all the wheels: 


T=T\ + 7'2 + 73 = 0.5X0.03 X Wj kg X m. 

* * m\ 

At the same time T =Jr — , 

2 

whence /h*= 0.03 kgXmXsec^. 


219 



39. EQUATION OF THE MOTION OF THE POINT AND LINK 

OF REDUCTION 


# 


After reducing the forces and masses to one point the 
equation of motion 



is reduced to a simpler form: 





™ ,.2 

m^Vf 


mrov'2 


} 


where Ar and Ar are amount of work done by the 

d res '' 

driving forces and resistances dur- 
ing the time interval under consi- 
deration; 

nir and nir^ are the magnitudes of the reduced 

masses at the end and beginning of 
the time interval under consider- 
ation; 

Vr and Vr^ are the linear velocities of the point 

of reduction at the end and beginning 
of the time interval under consider- 
ation. 

If the forces and masses are reduced to one point and 
the laws of changing the reduced force and mass are 
ascertained, the problem of the motion of the link of re- 
duction can be solved by the following equation in dif- 
ferential form: 

(^d + Pres)‘^^= ~d{mrVf) =- ttlrVrdVrA’ V^dtUr, 

2 2 


where the factors Pd and P^es the algebraic sum Pd + Pres 
must be taken with corresponding signs. 

The equation of motion is suitable in this form if the 
link of reduction performs translatory motion. If the link of 
reduction performs rotary motion it is more convenient to 
use instead of the reduced forces Pa and P the reduced 
moments Ma and instead of the reduced mass rur 
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the reduced moment of inertia Jr- In this case the equation 
of motion will assume the form: 

2 2 

where (p is the angle of rotation of the link of reduction, 

and 

(Or is the angular velocity of rotation of the link of 
reduction. 

In different cases the forces Pd and P^es be either 
constants or functions of the velocity, or functions of the 
path of the point of reduction, while moments Md and 
are correspondingly either constants or functions of the 
angular velocity of rotation, or functions of the angle of 
rotation of the link of reduction. The magnitude of the 
reduced mass may be either a constant or a function of 
the path of the point of reduction; the magnitude of the 
reduced moment of inertia is correspondingly either 
a constant or a function of the angle of rotation of the 
link of reduction. The laws for changing all the magnitudes 
that have been indicated above can be specified either 
analytically or graphically. The particular form to which 
the equations of motion are reduced depends on the laws 
governing the forces (or moments) and reduced masses 
(or reduced moments of inertia). 

40. REGULATION OF THE MOTION OF MACHINES 

Depending on the purpose of a machine either the speed 
of its operating member has to be regulated, or its 
efficiency or the pressure created by it. For example, in 
a stationary engine it is necessary to maintain a constant 
speed of the operating member, in a transport engine (for 
instance, a car engine) it is necessary to be able to change 
the speed within wide limits. In compressors, used to 
transfer gases, or pumps used to transfer fluids, either the 
pressure which causes the substance being transferred to 
flow into the delivery pipeline or the efficiency, i. e. the 
quantity of substance transferred per unit of time may be 
regulated. In subsequent discussion we will consider only 
the speed regulation of operating members of engines. 

From the equation of motion of a machine it follows 
that in order to change the velocities of material points of 
moving machine elements it is necessary to change the 
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difference {Ad—A,„) of work done by the driving forces 
and resistances. This difference can be changed by either 
changing the magnitude of work done by the driving forces 
or the magnitude of work done by resistances, or both 
simultaneously. 

Regulation of the operating-member speed by decreas- 
ing work done by resistances is inexpedient: in order to be 
able to decrease the parasitic resistances the machine has 
to work under deliberately increased parasitic resistances 
(which consumes additional energy); in the case of the 
useful resistances, their decrease during the regulation of 
speed would mean depriving the machine of the possibility 
to accomplish its purpose. 

Devices, which help to increase the parasitic resistances 
when it is necessary to decrease speed, take the form of 
brakes in various transport machines, where they are not 
only expedient, but absolutely essential. Such devices are 
used only in cases where complete termination of the work 
of the driving forces is insufficient for a rapid decrease of 
speed or when the action of the driving forces cannot be 
eliminated, for instance, in the downhill movement of 
a car. 

Stationary engines, which are designed to actuate 
machine-tools, pumps, electrical current generators, etc., 
are not equipped with brakes. In cases where it is necessary 
to decrease rapidly the speed of the moving parts the brak- 
ing devices are positioned not on the engines, but on the 
machine-tools; such a necessity arises from considerations 
of safety precautions or production requirements. In such 
cases devices are also installed to effect the rapid discon- 
nection of the machine-tool from the engine. 

It is apparent therefore that, apart from brakes which 
are basic equipment in transport machines and serve only 
to decrease the speed of the machine’s operating members, 
the only means to regulate the difference between the work 
done by the driving forces and the forces of resistance is 
usually a change in the work of the driving forces. This can 
be accomplished by adopting the member of the machine by 
which energy is supplied to the member, which absorbs the 
work done by external forces, to the piston of a steam 
engine or an internal-combustion engine, to the blades o! 
a water or steam turbine, etc. In the case of a transport 
engine it is the operator controlling the engine operation 
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who regulates its motion; in a stationary engine, whose 
operating member has to rotate with constant angular 
velocity, the regulation is automatic. 

According to the method of speed regulation (number 
of revolutions per unit of time) of the operating member, 
stationary engines may be divided into three types: 
1) electric motors; 2) engines, in which the members, that 
absorb the supplied energy to the engine, perform rotary 
motion (water and steam turbines), and 3) piston engines 
(steam engines, internal-combustion engines). 

In stationary electric motors maintenance of a definite 
speed is automatically accomplished without any regulat- 
ing devices, since the design of the electrical portion of 
these engines provides for a constant conformity between 
the developed power of the engine and the energy con- 
sumed by it. The unit, which is supplied with energy for 
consumption by the electric motor, is located in direct 
interaction with the energy source. This interaction is 
produced in such a way that the amount of consumed 
energy by the engine is in inverse (but not proportional) 
relation to the angular velocity of rotation of the operat- 
ing member: with an increase in the work done by resis- 
tances the angular velocity of rotation of the operating 
member decreases slightly, which gives an increase in the 
energy influx into the engine; on the other hand, with a 
decrease in work done by the resistances the angular veloc- 
ity increases and as a result the influx of energy decreases. 
The number of revolutions of the operating member per 
unit of time is therefore not maintained constant when 
a change in work done by the resistances occurs, 
although these remain within certain close limits to each 
other. Thus, for example, in the most widely applied 
industrial engines (three-phase asynchronous engines) the 
minimum number of revolutions per minute at full load 
is only 3-4 per cent less than the maximum at idle run. 
Such difference is of no practical importance in the majority 

of cases, as is shown by the wide application of engines of 
this type. 

In engines of the second type (a water or steam turbine) 
the unit which absorbs the energy supplied to the engine, 
as is the case in the electric motor, is under the constant 
action of the energy source. For example, in a water turbine 
(Fig. 180) through the guiding passages A (which are 
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located around wheel C fixed on crankshaft B) water under 
pressure flows continuously through the wheel passages, 
formed by blades D, which absorb the mechanical energy 
that is supplied to the turbine by the water. However, as 

distinct from the action in 
electric motors, the unit which 
absorbs the work done by the 
external forces (the wheel with 
blades) is not in direct interac- 
tion with the energy source in 
engines of the second type. 
Interaction in these engines is 
achieved by means of special 
mechanical devices called 
governors. 

Up to the present day many 
governor designs, based on dif- 
ferent principles, have found 
practical application. One of the 
most widely applied governors 
is the centrifugal governor, 
shown diagrammatical ly in 
Fig. 181, where M are heavy balls secured to the ends of 
levers AC and BD connected with vertical shaft S to turn- 
ing pairs A and B. Slider K. connected to turning pairs E 
and F by levers CE and DF, slides on shaft S driven by the 
engine crankshaft through a transmission system (not 
shown in Fig. 181); levers CE and DF are connected to 
turning pairs C and D by levers AC and BD, Slider K is 
connected to the engine member, which supplies the unit 
that absorbs work done by external forces with the working 
substance (steam or water under pressure, liquid fuel or 
fuel gas). The joint not shown in Fig. 181 is arranged so 
that during slider motion upwards the influx of energy to 
the engine decreases, and during motion downwards,. 

increases. 

With a definite angular velocity of rotation of the 
engine crankshaft and, consequently, also of shaft of the 
governor, the levers AC and BD together with slider a 
assume definite positions also, since the elastic force of 
spring R is balanced by the centrifugal force of inertia of 

balls M. , . , 1 

With a decrease in work done by resistances the angular 
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velocity of rotation of the engine crankshaft and, conse- 
quently, also of shaft S of the governor increases; as a 
result the centrifugal forces from the balls increase, and 
slider K moving upwards decreases the influx of energy 
to the engine, thus restoring the equilibrium between work 
done by the driving 
forces and work done 
by resistances. With an 
increase in work done 
by resistances slider /C, 
moving downwards, in- 
creases the influx of 
energy to the engine, 
and thus restores the 
equilibrium. 

From what has been 
said it follows that as 
long as the work done 
by resistances does not 
change, the governor 
maintains the angular velocity of rotation of the engine 
crankshaft very near to constant, but with different 
magnitudes of work done by resistances the slider must 
be in different positions on the governor shaft; this, 
however, is possible only with the different angular veloc- 
ity of rotation of the engine crankshaft. 

It is obvious that in designing governors, considera- 
tion is given to the fact that the angular velocity of rota- 
tion of the engine crankshaft during regulation will not 
exceed the practical limits. If it is necessary to maintain 
the angular velocity at an invariable level regardless of 
the power developed by the engine, more complex govern- 
ing devices are used. 

In piston engines the unit, which absorbs work done by 
the motive forces (the piston), performs reciprocating 
motion. This complicates considerably the regulation of the 
angular velocity of rotation of the engine crankshaft. 

All piston engines are based on the slider crank 
mechanism. In Chapter I Fig. 13, a (see p. 14) shows a 
simplified design scheme of a single cylinder internal- 
combustion engine and Fig. 13,6 shows the design scheme 
of the main mechanism of this engine, which transforms 
reciprocating motion of the motive link (piston) into 

15 — 1115 
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rotary- motion of the crank and the engine crankshaft, 
rigidly coupled to the crank. 

Fig. 182 shows an indicator diagram of a four-stroke 
diesel engine, a type of internal-combustion engine very 
widely applied, indicating to what action of force the piston 

is subjected during the operation of this 
engine. By the axis of abscissae of the dia- 
gram the volumes are laid off, and by the 
axis of ordinates, the pressures of gases 
over the piston. When the piston is in the 
extreme top position as shown in Fig. 13, a 
volume Vo (Fig. 182) of the gases over the 
piston is minimum; volume Vo is called 
“dead space”. In the extreme bottom 

position of the piston, 
located from the extreme 
top at a distance equal 
to the double length of 
the crank, the volume 
Knax of gases over 
the piston is maximum. 
The volume V of gases 
over the piston with dis- 
tance s of the piston from the extreme top position and 
area F of the piston cross section is connected by the 
obvious relation; 

V=Vo-\-FXs, 



Fig, 182 


At point a of the diagram, which corresponds to the 
extreme top position of the piston, pressure Pa of the gases 
is maximum, since in the cylinder there is air at high 
temperature, caused by the rapid compression of the air 
up to several tens of atmospheres at the preceding piston 
stroke upwards. 

The upper portion of the diagram from point a to the 
right shows the process in the cylinder during piston mo- 
tion downwards from the extreme top position. The pressure 

of the gases does not change from point a to point b, even 
though the volume increases; this is because at this position 
of the piston stroke the cylinder receives finely pulverized 
liquid fuel (oil), which quickly burns out entering the 
compressed air with a temperature which exceeds the 
temperature of self-ignition of the liquid. Despite the 
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increasing volume of gases during piston motion, the pres- 
sure does not decrease, firstly, because the amount of gases 
increases as the liquid burns out and, secondly, because an 
increase in the temperature of the gases should have 
decreased when the volume increased without the influx of 
heat, liberated when the liquid burnt out. 

In the piston position, which corresponds to point b of 
the diagram, the inlet of liquid to the cylinder is stopped 
and as a result the pressure begins to decrease. At first 
the pressure decreases rather slowly: from point b to point 
c that portion of the liquid, which did not burn out when 
the inlet of liquid to the cylinder was stopped, continues 
to burn. From point c the pressure decreases rapidly by 
curve cd during piston motion to the extreme bottom posi- 
tion. Point e of the diagram corresponds to the extreme 
bottom position of the piston. 

From point d the pressure decreases not by curve de, 
but much quicker. This occurs because in the position of 
the piston, which corresponds to point d of the diagram, 
the exhaust valve (not shown in Fig. 13, a) opens, joining 
the cylinder volume over the piston with the atmosphere. 
Therefore, on the diagram portion from point d to the right 
the pressure decreases not only because of the increase in 
the volume of gases, but also because of the escape of 
some of the gases into the atmosphere. 

At the return stroke of the piston upwards the products 
of combustion are pushed out into the atmosphere through 
the opened exhaust valve. The pressure of gases is then 
maintained near to the atmospheric (line fg of the 
diagram), but slightly greater than atmospheric pressure 
Po. since only at the expense of a certain difference in 
pressures on both sides of the exhaust valve can the gases 
achieve the speed required to escape from the cylinder and 
the resistances to their motion be overcome. 

Point g of the diagram corresponds to the extreme top 
position of the piston. At the following stroke of the piston 
downwards with the exhaust valve closed and the inlet 
valve open the air is sucked into the cylinder from the 
atmosphere. At the beginning of the stroke pressure 
decreases by curve gl and subsequently until the end of the 
piston stroke downwards (line ik of the diagram) is re- 
tained slightly below the atmospheric because of the reason 
just stated. 

* 
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At the next piston stroke upwards with the inlet and 
exhaust valves closed the air is compressed (curve ka) to a 
pressure of several tens of atmospheres, as a result of which 
the air temperature towards the end of the piston stroke 
rises to several hundred degrees and exceeds the tempera- 
ture of self-ignition of the liquid, which begins to flow 
into the cylinder in finely pulverized form at the beginning 
of the following piston stroke downwards. 

We have described briefly, without going into details 
unimportant for the purpose that we are here concerned 
with, the four-stroke diesel, an internal-combustion engine. 
From what has been said previously it follows that out 
of the four piston strokes there is only one during which 
pressure (p—po), where p is the pressure of gases over 
the piston and Po is the atmospheric pressure, is directed 
along the piston stroke, thereby creating a force which 
moves the piston; this piston stroke is called the work- 
ing stroke. In the course of the next two strokes after 
the working one the piston overcomes insignificant resis- 
tances to its motion, and during the following stroke con- 
siderable and ever increasing resistances. 

Under such action of the force, to which the piston is 


subjected by the gases, the engine would not only be 
unable to operate continuously, but the piston would be 
unable to accomplish one stroke upwards, even without 
any resistances to its motion, if rotation of the crankshaft 
did not continue by inertia during the next three piston 

strokes after the working stroke. 

The work of an engine becomes possible only when 
there is on the crankshaft a wheel with a sufficiently gr^at 
moment of inertia. This wheel is called a flywheel. The 
purpose of the flywheel is to absorb the energy during the 
working stroke of the piston and use it during the entire 
period of engine operation to overcome all the resistances, 
including also those which the piston has to overcome dur- 
ing the three strokes following the working stroke. 

The kinetic energy / of the flywheel, where / is the 
moment of inertia, and co is the angular 

rotation, can be compared with : j 

liquid in a vessel, where Q is the . lu ve^ssel 

takS in. for instance, 0.01 Q of liquid with any constant or 
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variable velocity and during all four seconds tlie same 
quantity of liquid will flow out from the vessel also with 
any constant or variable velocity, the change in liquid 
height in the vessel will not exceed 0.0 IQ. Therefore the 
potential energy of liquid in the vessel will not decrease 
by more than 1 per cent. Similarly, if in the course of the 
piston working stroke the flywheel receives energy in a 

quantity, which is much less than its kinetic energy J y 

and the same quantity is used by the flywheel to rotate the 
crankshaft during all’four piston strokes, the kinetic energy, 
and consequently, also the angular velocity of the flywheel 

will change insignificantly. 

In designing a flywheel due consideration is given to 
permissible changes,' that depend on the engine purpose, 
of the angular velocity of crankshaft rotation within the 
limits of one cycle. These changes are allowed for by the 
coefficient of irregularity, which equals 

^ “ "mean ’ 

where are the mean, maximum and 

minimum angular velocities of rotation of the engine 
crankshaft in the course of one cycle. 

Stricter requirements with regard to uniformity of nio- 
tion have to be satisfied by engines, which impart motion 
to generators of alternating current; in these engines the 
coefficient of irregularity is not taken beyond 1/200 — 1/300 
and in some cases much less (up to 1/1000) . 

From what has been said it follows that the angular 
velocity of crankshaft rotation is equalized by the flywheel 
in each cycle. But, if the power, which is used by the fly- 
wheel to overcome the resistances, begins to e.xceed the 
amount of energy, received by the flywheel in unit time, 
or becomes less than this amount the angular velocity of 
the flywheel will gradually change. In this case the 
mentioned governor or any other type will start working. In 
the example given above the action of the governor will 
take place on portion ab of the diagram (Fig. 182) : depend- 
ing on the direction of change of the magnitude of the 
angular velocity of crankshaft rotation, the portion ab will 
be respectively shortened or lengthened by the governor, 
i. e. a lesser or greater quantity of the liquid fuel will be 
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introduced into the cylinder at the beginning 
ing stroke of the piston. 


of the work- 


The flywheel is an absolutely essential appliance not 
only in piston engines; flywheels have to be installed also 
on machine-tools, the working units of which have to over- 
come strong and intermittently acting resistances by the 
processed materials. The flywheel in such machines is like 
a reservoir of energy, receiving energy from the engine 
continuously and uniformly and in turn from time to time 
using separate portions of it. 


41. DETERMINING THE BASIC DIMENSIONS OF THE 

ENGINE FLYWHEEL 


Variations of the angular velocity of rotation of the 
flywheel within the limits of one cycle occur mainly, as 
indicated previously, as a result of the non-coincidence of 



the laws of change of the reduced 
moment of the driving forces and the 
moment of the forces of resistance. 
Let us examine in detail the phenom- 
ena which take place during steady 
motion, and the considerations which 
ought to guide us when determining 
the basic dimensions of a flywheel 
(Fig. 183). 

Let us refer to the type of engine 
that we discussed previously, i. e. the 
single cylinder four-stroke diesel, one 
cycle of which consists of four piston 
strokes accomplished in the course of 
two crank revolutions. We shall 
proceed from the indicator diagram, 
shown in Fig. 182, and assume that 
this diagram was taken during steady 
motion and operation of the engine 
at total power. 

The ordinates on the diagram 


Fig. 183 express the pressures of the gases on 

the piston in its various positions. 
After multiplying the ordinates by the piston area, we 
obtain the forces by which the gases press on the piston. 
The volumes of gases over the piston are laid off by the 
axis of abscissae on the diagram. After dividing the 
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abscissae by the piston area, we obtain the paths which are 
passed by the piston from the initial upper position to the 
lower and back. In so doing we will not change the dia- 
gram, but will only obtain different scales of the abscissae 

and ordinates. 

Referring to the kinematic diagram of the slider crank 
mechanism (Fig- 184), which is the basis of the engine 
under discussion, we assume that force 
P acting through the gases on the piston 
(the slider in the diagram) acts at point C 
in the direction parallel to the directrix 
X— X. Taking up this force at point C the 
connecting rod acts on the crank at 
point B with a certain force, whose 
component in the direction perpendicular 
to AB is the tangential force T, which 
creates the moment TR that rotates the 
crank, where R is the crank length. 

Neglecting the losses in friction, the 
relation between force P and the tangen- 
tial force T at point B of the crank can 
be obtained by expressing the instanta- 
neous power of the engine as follows 

Pvc=-Tvb, 

whence 

Vr 

T^P 

Since the magnitude of velocity Vb 
changes only within very narrow limits, 
we shall consider it hereafter as constant. The magnitude 
of force P in various positions of point C on its path at 
different strokes of the piston can be determined by the 
diagram produced in the manner described above. The 
velocities Vc in various positions of point C on its path can 
be determined from the velocity diagrams. The kinematic 
diagram shown in Fig. 53,6 (p. 53) gives a clear 
representation of the change in this magnitude. The 
insignificant resistances that the piston meets at the second 
and third strokes, i. e. when the products of combustion 
are pushed out from the cylinder and suction of air into 
the cylinder takes place, will not be considered. 
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Let us lay off by the axis of abscissae (Fig. 185) in 
one direction the path developed into a straight line, which 
is passed by point B in the course of one cycle, i. e. dur- 
ing four strokes of the piston or, what is exactly the same 
two revolutions of the crank. By the axis of ordinates we 
shall lay off the magnitudes of tangential forces F, which 
are determined in the manner previously shown. 

During the first stroke the magnitudes of the tangential 
forces change according to the law of curve adf. The area of 
this curve (and its equivalent area of rectangle amnf) 


d 



expresses the quantity of energy which is supplied to the 
crank in the first stroke of engine operation. 

The insignificant resistances by the gases in the second 
and third strokes will not be considered, and work done by 
the useful and parasitic resistances will be temporarily 
ignored. We therefore proceed to point k, the beginning of 
the fourth stroke. From the beginning of this stroke 
compression of the air, which entered into the cylinder dur- 
ing the third stroke, takes place. Since piston motion dur- 
ing the fourth stroke is accomplished at the expense of the 
energy produced by the flywheel, and since in this stroke 
it is not the connecting rod that rotates the crank, but, on 
the contrary, the crank that actuates the connecting rod, 
the tangential forces change signs; the tangential forces 
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change according to the law of curve kli. The area of this 
curve (and its equidimensional area of rectangle kpqi) 
expresses the quantity of energy, which is returned by the 
flywheel to the very same source from which it received 
the energy in the first stroke. This energy, returned by the 
flywheel and contained in the compressed air, is fully 
utilized by the engine in the first stroke of the following 
cycle. 

From what has been said it follows that for work done 
by the useful and parasitic resistances can be used only 
the difference of energies, which are e.xpressed by the areas 
of curves adf and kli. Since at steady motion the resistance, 
which is reduced to point B of the crank, in the course of 
one cycle should be considered constant, by dividing the 
difference of the areas of curves adf and kit by the path 
4n/?, which is passed by point B during one cycle, we obtain 
the magnitude of ordinate ab = hi, which expresses the 
magnitude of this resistance. The area abhia expresses, 
consequently, work done by the resistances. 

Let us now proceed to the angular velocity of rota- 
tion of the flywheel. In the first stroke the tangential forces 
from the connecting rod onto the crank at point B exceed 
considerably the resistance which is exerted by the crank; 
therefore the angular velocity of rotation of the crank and 
flywheel increases. The increase in the angular velocity 
ceases when the tangential force becomes equal to the 
resistance of the crank; this takes place at point e where 
curve adf and the straight line bh intersect. Therefore, at 
this point the angular velocity assumes the value 
During the. following strokes only resistances to its motion 
are acting on the piston, not only to the end of the fourth 
stroke, but also in the very beginning of the first stroke 
when point B passes a small portion of the path which 
equals be. Hence, at point c the angular velocity equals 

Wmin- 

An increase in the angular velocity of rotation of the 
flywheel from to occurs at the expense of the 
energy which is communicated to the flywheel, which is 
expressed by area cdec. Denoting the energy, which is 
expressed by this area through A, we obtain 



y(0)2 -0)2.), 

' max m!n/> 


min 
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where A is expressed in kgm, / is the moment of inertia 
■of the flywheel in kgm X sec^, and co is expressed in sec-'. 

Denoting by 6 the coefficient of irregularity, which 
equals 


6 = 


^max ^min 


0) 


mean 


^nd taking into consideration that 


^mean 




f 


Ave obtain 


CO 


max 


^mean 


5XW 


mean 


1 ^min ^mean 


5X0) 


mean 


After substituting we get 


/1=/Xco 


2 

mean 




where n is the number of revolutions of the flywheel per 
minute at mean angular velocity of rotation. 

The moment of inertia of the flywheel will be 


90XA 


Denoting the flywheel weight in kg by G and assuming 
the mass - of the flywheel as uniformly distributed along 

s 

the circle with diameter D, where — is the distance from 

2 

the axis of rotation of the flywheel to the centre of gravity 
of the rim cross section (see Fig. 183), we obtain 


whence 





90A 


GD2 = 


4ffX90£_3gQQ 


* 


The product GD2 in kg X m^ is called the moment 
of gyration or flywheel characteristic. 
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After we have determined the required magnitude of the 
moment of gyration we fix the diameter D of the flywheel, 
guided by design considerations, and then the weight 

corresponding to the diameter. 

Taking into consideration the moment of inertia of the 
arms which join the rim with the bushing, the actual weight 
of the rim is taken approximately at 10 per 
cent less than the figure obtained by cal- 
culation. The total weight of the flywheel, 
including the weight of the arms and 
bushing, will equal (1.25-1.35) G. 

By enlarging the diameter, the weight 
of the flywheel can be considerably de- 
creased, with alteration to the magnitude 
of the moment of gyration. However, in 
addition to the general design considera- 
tions, we have to bear in mind that we must 
not exceed the limit of the peripheral velocity beyond which 
there is the danger of rim rupture under the action of 
centrifugal forces. There have been .cases in practice when 
heavy pieces of the rim have come away from the flywheel 
at high speed, and caused casualties among the servicing 
personnel and damages to equipment and installations. 

For a flywheel of ordinary cast iron the peripheral ve- 
locity is accepted as not exceeding 30 m/sec; for high-grade 
cast iron a somewhat greater velocity may be allowed. 

In multicylinder engines the energy cycles in different 
cylinders displace relative to each other; for instance, in 
a four-cylinder four-stroke engine the working strokes in 
different cylinders take place in turn. With such an engine 
arrangement the required moment of gyration is consider- 
ably less: since the first stroke in one cylinder coincides in 
time with the fourth stroke in another cylinder, the action 
on the flywheel in the course of every half turn of the 
crankshaft is effected according to the law of curve adkli, 
as shown in Fig. 186, the ordinates of which are the 
differences in ordinates of curves adf and kli in Fig. 185. 
The energy, which is expressed by the difference in areas 
adk and kli, is used to overcome work done by resistances, 
and is expressed by area abhia. The angular velocity 
in this case, as well as in Fig. 185, is at point e, and co^nin 
is at point c. When determining the moment of gyration, 
the energy A expressed by area cdec, which is much less 


a 



Fig. 186 
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than the area denoted in Fig. 185 by the same letters, 
should be substituted in the formula given above. We have 
also to take into consideration that a much lesser moment 
of gyration is obtained despite the fourfold greater power 
of the four-cylinder engine. 

We have marked above those points of the path, passed 

by point S, in which the angular velocity 
of rotation of the link of reduction assumes 
I \ the extreme values, but did not deal with 

/ \ the problem of the changes from one 

I jX extreme value to another of the angular 
I ! \ velocity. This can be easily understood by 

A using the diagram of Fig. 185 and proceed- 
— L2^.5A. ing from the equation of motion of the link 

of reduction. 

In order to understand the law, by 
which the angular velocity increases from 
we divide the portion ce of the path of point B 

by points L 2 5 into equal parts and by perpendicular 

lines to ce, drawn from these points, we divide the area 
ede into areas A, B, C .. . (Fig. 187) . 

The angular velocity (Oi at point I exceeds at the 
expense of work done by driving forces and received by 
the flywheel; work done is expressed by area /I in kg X m 
and therefore can be determined from equation 

^=7K-<ln)- 

The angular velocity 0)2 at point 2 is determined from 
equ ation 

From point e (Fig. 185) the angular velocity from 
begins to decrease because of the consumption by the fly- 
wheel of kinetic energy to overcome the external resistances. 
The angular velocity (Os at any point s of the path prior to 
the beginning of the fourth stroke is determined from 

equation 

Area fess'f= 
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The angular velocity o)„ at any point n of the path in 
■the course of the fourth stroke can be determined from 

equation 

Area 

Having thus determined the angular velocities at a 
sufficient number of points of the path, passed by point B, 
we can plot a smooth curve which gives a clear representa- 
tion of the change of the angular velocity of rotation of the 
link of reduction from to and back 

to COmjii* . 

Fig. 188 shows a curve plotted in this manner using the 
equation of motion of the link of reduction. 

In all of the previously cited examples of the kine- 
matic analysis and of the combined static and inertia force 
analysis of various mechanisms, based on the kinematic 
analysis, the angular velocity of rotation of the crank has 
been assumed as constant. We know now that by constant 



angular velocity was implied the mean angular velocity, 

^mean* . , . « . • n i 

Plotting of the acceleration diagram m all crank posi- 
tions has been started by drawing the vector dB = a’^y 

whereas in different positions of the crank there is 

also tangential acceleration The dia- 

gram in Fig. 188 enables us to define more accurately the 
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acceleration diagrams and the magnitudes of the forces of 
inertia which are based on these diagrams. 

For this purpose the scale of abscissae in Fig. 188 
should be divided by radius R of rotation of point B, and 
as a result the abscissae will express the angles <p of rota- 
tion of the link of reduction, and the curve in Fig. 188 the 
function a) = /((p) graphically. By differentiating graphi- 


cally the curve o)“/(q)) 


we shall get the magnitudes 


d(s> 
dtp * 


while the angular velocities will be as follows 


do)_doi dtp ^do) dtp 
dt dt ^ dtp dtp ^ dt 



where co is the angular velocity of rotation in the 
corresponding position. 

If we take into consideration the angular velocities of 
the link of reduction, the acceleration diagrams which have 
been plotted at positions have to be replotted, 

but the velocity diagrams may remain unchanged, since 
only their scales can be made more accurate. 

The actual and not the mean angular velocity of rota- 
tion of the crank has to be taken into consideration in 
plotting the acceleration diagrams only at large 
coefficients 6 of permissible variations of speed, for in- 
stance, for shock action machines (press, shearing machine, 
etc.), during the operation of which the angular velocity of 
the driving link drops swiftly to minimum in the course of 
the working strokes and rises rapidly to maximum during 
idle strokes. 

Fig. 188 shows the curve o) = /f(p-) for an internal- 
combustion engine (four-stroke diesel). For these engines 
the coefficient 6 is taken as not exceeding 1/80, and much 
less if they are intended to actuate electric current 
tors. The most rapid change of angular velocity by tne 

magnitude co_„-a)„,.„= takes place during the first 

half turn in the first stroke. Since the f^gular velodty on 
this portion changes according to the 

(see Fig. 188), the angular acceleration on this portion can 
be assumed as 

cgc-2 

2 I n eO 
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where n is the number of crank revolutions per minute, and 
— is the time interval during which the angular velocity 

n 

changes. 

The relation of magnitudes of the normal and tangential 
accelerations of point B of the link of reduction on this 
portion will equal 

. 9 / /5«<«niean _ / _ 60 Mmean 60;i« __ 

~ 5" ~ 30Sn 5’ 

Where 6=1/80, the relation is a" /fl^~500. This means 

that when the length of vector on the acceleration dia- 
gram is 100 mm, the length of vector would be 0.2 mm; 
in the graphic analysis it would have to be zero. 
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